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Last time

Averaging systems achieving asymptotic consensus

1 Eigenvalue 1 is simple, all others strictly less than 1
2 limk→∞ Ak = 1nw

⊤

3 G contains a globally reachable node and the subgraph is aperiodic

Averaging systems achieving asymptotic disagreement

1 Eigenvalue 1 is semisimple, all others strictly less than 1
2 A is semiconvergent
3 Each sink is aperiodic

Consensus via Lyapunov function

Disagreement vector
Quadratic disagreement function
Max-min disagreement function

Weight design

Equal-neighbor model
Metropolis-Hastings
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The Laplacian matrix: definition

Laplacian matrices

Given a weighted digraph G with adjacency matrix A and out-degree
matrix Dout = diag(A1n), the Laplacian matrix of G is

L = Dout − A.

In components L = (ℓij)i ,j∈{1,...,n}

ℓij =


−aij , if i ̸= j ,

n∑
h=1,h ̸=i

aih, if i = j .

Diagonal elements are nonnegative, off-diagonal elements nonpositive

L does not depend on self-loops

G is undirected (A symmetric) iff L is symmetric

L is irreducible if G is strongly connected
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The Laplacian matrix: definition
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L =


6.3 −3.7 −2.6 0 0
−8.9 10.1 0 −1.2 0
0 0 4.2 −1.9 −2.3
0 0 0 0 0

−4.4 0 0 −2.7 7.1



A =


0 3.7 2.6 0 0
8.9 0 0 1.2 0
0 0 0 1.9 2.3
0 0 0 0 0
4.4 0 0 2.7 4.4

 Dout =


6.3 0 0 0 0
0 10.1 0 0 0
0 0 4.2 0 0
0 0 0 0 0
0 0 0 0 11.5


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The Laplacian matrix: useful equalities

(Lx)i =
n∑

j=1

ℓijxj

= ℓiixi +
n∑

j=1,j ̸=i

ℓijxj

=
( n∑

j=1,j ̸=i

aij

)
xi +

n∑
j=1,j ̸=i

(−aij)xj

=
n∑

j=1,j ̸=i

aij(xi − xj)

=
∑

j∈N out(i)

aij(xi − xj)

(Lx)i is the weighted sum of pairwise differences between i and neighbors
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The Laplacian matrix: useful equalities

Suppose L is symmetric

x⊤Lx =
n∑

i=1

xi (Lx)i =
n∑

i=1

xi

( n∑
j=1,j ̸=i

aij(xi − xj)
)

=
n∑

i ,j=1

aijxi (xi − xj) =
(1
2
+

1

2

) n∑
i ,j=1

aijx
2
i −

n∑
i ,j=1

aijxixj

by symmetry
=

1

2

n∑
i ,j=1

aijx
2
i +

1

2

n∑
i ,j=1

aijx
2
j −

n∑
i ,j=1

aijxixj

=
1

2

n∑
i ,j=1

aij(xi − xj)
2 =

∑
{i ,j}∈E

aij(xi − xj)
2.

The function x 7→ x⊤Lx is called the Laplacian potential function
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The Laplacian in mechanical networks of springs

x

xi ∈ R denote the displacement of the ith rigid body.

Ideal spring with spring constant aij connects the ith and jth bodies

Each node (body) is subject to a force

Fi =
∑
j ̸=i

aij(xj − xi ) = −(Lstiffnessx)i

The potential energy is given by

Eelastic =
1

2

∑
{i ,j}∈E

aij(xi − xj)
2 =

1

2
x⊤Lstiffnessx
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The Laplacian in electrical networks of resistors

current
source

Each edge is a resistor with resistance rij between nodes i and j

Ohm’s law along each edge {i , j} gives the current flowing from i to j

ci→j =
vi − vj
rij

≜ aij(vi − vj)

Kirchhoff’s current law at each node i :

cinjected at i =
n∑

j=1,j ̸=i

aij(vi − vj) =⇒ cinjected = Lconductancev

Energy dissipation

Edissipated =
∑

{i ,j}∈E

aij(vi − vj)
2 = v⊤Lconductancev
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Row and column sums

Zero row-sums

Let G be a weighted digraph with Laplacian L and n nodes. Then

L1n = 0n.

Laplacian matrices

A matrix L ∈ Rn×n, n ≥ 2, is Laplacian if

1 its row-sums are zero,

2 its non-diagonal entries are non-positive, and

3 its diagonal entries are non-negative.

Zero column-sums

Let G be a weighted digraph with Laplacian L and n nodes. Then

1 G is weight-balanced, i.e., Dout = Din, if and only if

2 1⊤
n L = 0⊤

n .
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Spectrum of L

Spectrum of L

Given a weighted digraph G with Laplacian L, the eigenvalues of L
different from 0 have strictly-positive real part.

Semisimplicity of the zero eigenvalue

Let L be the Laplacian matrix of a weighted digraph G with n nodes. Let
ns denote the number of sinks in the condensation digraph of G . Then

1 the eigenvalue 0 is semisimple with multiplicity ns ,

2 the following are equivalent:

(a) G contains a globally reachable node,
(b) the eigenvalue 0 is simple, and
(c) rank(L) = n − 1
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Laplacian eigenvalues and algebraic connectivity

Suppose the Laplacian L is symmetric, then the eigenvalues are

0 = λ1 ≤ λ2 ≤ · · · ≤ λn.

Algebraic connectivity

The second smallest eigenvalue λ2 of a symmetric Laplacian L of a
weighted digraph G is called the algebraic connectivity of G .

The algebraic connectivity and its associated eigenvector are also referred
to as the Fiedler eigenvalue and Fiedler eigenvector.

Algebraic connectivity and connectivity

For a weighted undirected graph G with symmetric Laplacian L:

1 G is connected if and only if λ2 > 0;

2 the multiplicity of 0 is equal to the number of connected components.
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Properties of the algebraic connectivity

Properties of algebraic connectivity

Consider a weighted undirected graph with symmetric adjacency matrix A,
symmetric Laplacian matrix L, and algebraic connectivity λ2.

1 Variational description:

λ2 = min
∥x∥2=1, x⊥1n

x⊤Lx ,

2 Monotonicity property:

A ≤ A′ =⇒ λ2 ≤ λ′
2
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Community detection via algebraic connectivity

Given adjacency matrix A, find a partition V = V1 ∪ V2 to minimize

J(V1,V2) =
∑

i∈V1,j∈V2

aij .

Define x ∈ {−1, 1}n so that xi = 1 iff i ∈ V1, xi = −1 iff i ∈ V2

J(x) =
1

8

n∑
i ,j=1

aij(xi − xj)
2 =

1

4
x⊤Lx
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Community detection via algebraic connectivity

Minimization of cut size

minimize
x∈{−1,1}n\{−1n,1n}

x⊤Lx .

Continuous relaxation

minimize
y∈Rn, y⊥1n, ∥y∥∞=1

y⊤Ly .

Change norm
minimize

y∈Rn, y⊥1n, ∥y∥2=1
y⊤Ly .

Heuristic: use sign of the Fiedler eigenvector to find a partition.
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Community detection via algebraic connectivity

|V1| = 450, |V2| = 550

Nodes within V1 are connected with probability 50%

Nodes within V2 are connected with probability 40%

Nodes in V1 and V2 are connected with probability 15%
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Spring networks and resistive circuit

x
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�3
<latexit sha1_base64="POg+i3S4EYtqfKmvrgZnjs4JV0w=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAguNEzS0Meu4MZlFWMLbSiT6aQdOnkwMymW0D9wqxtX4tYfEvwYJ20FFT1w4XDOvdx7j59wJhVC78bK6tr6xmZhq7i9s7u3Xzo4vJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWrq5qPRLZWQ26lXbqUJkIlSzbCsnds2pONDSSo4yWKLVL330BjFJQxopwrGUXQslysuwUIxwOiv2UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwVHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMRV1HF8/w/+Ja5sNE1075SZa5lIAx+AEnAEL1EATXIEWcAEBAXgAj+DJSI1n48V4XbSuGMuZI/ADxtsnzYWRNQ==</latexit><latexit sha1_base64="POg+i3S4EYtqfKmvrgZnjs4JV0w=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAguNEzS0Meu4MZlFWMLbSiT6aQdOnkwMymW0D9wqxtX4tYfEvwYJ20FFT1w4XDOvdx7j59wJhVC78bK6tr6xmZhq7i9s7u3Xzo4vJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWrq5qPRLZWQ26lXbqUJkIlSzbCsnds2pONDSSo4yWKLVL330BjFJQxopwrGUXQslysuwUIxwOiv2UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwVHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMRV1HF8/w/+Ja5sNE1075SZa5lIAx+AEnAEL1EATXIEWcAEBAXgAj+DJSI1n48V4XbSuGMuZI/ADxtsnzYWRNQ==</latexit><latexit sha1_base64="POg+i3S4EYtqfKmvrgZnjs4JV0w=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAguNEzS0Meu4MZlFWMLbSiT6aQdOnkwMymW0D9wqxtX4tYfEvwYJ20FFT1w4XDOvdx7j59wJhVC78bK6tr6xmZhq7i9s7u3Xzo4vJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWrq5qPRLZWQ26lXbqUJkIlSzbCsnds2pONDSSo4yWKLVL330BjFJQxopwrGUXQslysuwUIxwOiv2UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwVHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMRV1HF8/w/+Ja5sNE1075SZa5lIAx+AEnAEL1EATXIEWcAEBAXgAj+DJSI1n48V4XbSuGMuZI/ADxtsnzYWRNQ==</latexit>

current
source

current
source

+1
<latexit sha1_base64="F0ZijgdLySn1qco4YVCzzLpOlVY=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQlDCJoY9dwY3LKsYW2lAm00k7dPJgZlIsoX/gVjeuxK0/JPgxTtoKKnrgwuGce7n3Hj/hTCqE3o3Cyura+kZxs7S1vbO7V94/uJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWro5s/rlCjIb9artVCEyEapZtpUTu+ZcONDSSo4KWKLVL3/0BjFJQxopwrGUXQslysuwUIxwOiv1UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwRHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMZV0HF8/w/+Ja5sNE107lSZa5lIER+AYnAIL1EATXIEWcAEBAXgAj+DJSI1n48V4XbQWjOXMIfgB4+0Tx0+RMQ==</latexit><latexit sha1_base64="F0ZijgdLySn1qco4YVCzzLpOlVY=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQlDCJoY9dwY3LKsYW2lAm00k7dPJgZlIsoX/gVjeuxK0/JPgxTtoKKnrgwuGce7n3Hj/hTCqE3o3Cyura+kZxs7S1vbO7V94/uJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWro5s/rlCjIb9artVCEyEapZtpUTu+ZcONDSSo4KWKLVL3/0BjFJQxopwrGUXQslysuwUIxwOiv1UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwRHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMZV0HF8/w/+Ja5sNE107lSZa5lIER+AYnAIL1EATXIEWcAEBAXgAj+DJSI1n48V4XbQWjOXMIfgB4+0Tx0+RMQ==</latexit><latexit sha1_base64="F0ZijgdLySn1qco4YVCzzLpOlVY=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQlDCJoY9dwY3LKsYW2lAm00k7dPJgZlIsoX/gVjeuxK0/JPgxTtoKKnrgwuGce7n3Hj/hTCqE3o3Cyura+kZxs7S1vbO7V94/uJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWro5s/rlCjIb9artVCEyEapZtpUTu+ZcONDSSo4KWKLVL3/0BjFJQxopwrGUXQslysuwUIxwOiv1UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwRHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMZV0HF8/w/+Ja5sNE107lSZa5lIER+AYnAIL1EATXIEWcAEBAXgAj+DJSI1n48V4XbQWjOXMIfgB4+0Tx0+RMQ==</latexit>

�1
<latexit sha1_base64="xw3lWDRfInNhNtt9rrU1Uk4Gwck=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwoWESQx+7ghuXVYwttKFMppN26OTBzKRYQv/ArW5ciVt/SPBjnLQVVPTAhcM593LvPX7CmVQIvRuFldW19Y3iZmlre2d3r7x/cCfjVBDqkpjHouNjSTmLqKuY4rSTCIpDn9O2P77M/faECsni6FZNE+qFeBixgBGstHRzbvXLFWQ26lXbqUJkIlSzbCsnds25cKCllRwVsESrX/7oDWKShjRShGMpuxZKlJdhoRjhdFbqpZImmIzxkHY1jXBI5ZmcDOfEy+7nN8/gifYGMIiFrkjBufp9NsOhlNPQ150hViP528vFv7xuqoK6l7EoSRWNyGJRkHKoYpgHAAdMUKL4VBNMBNNXQzLCAhOlYyrpOL5+hv8T1zYbJrp2Kk20zKUIjsAxOAUWqIEmuAIt4AICAvAAHsGTkRrPxovxumgtGMuZQ/ADxtsnymuRMw==</latexit><latexit sha1_base64="xw3lWDRfInNhNtt9rrU1Uk4Gwck=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwoWESQx+7ghuXVYwttKFMppN26OTBzKRYQv/ArW5ciVt/SPBjnLQVVPTAhcM593LvPX7CmVQIvRuFldW19Y3iZmlre2d3r7x/cCfjVBDqkpjHouNjSTmLqKuY4rSTCIpDn9O2P77M/faECsni6FZNE+qFeBixgBGstHRzbvXLFWQ26lXbqUJkIlSzbCsnds25cKCllRwVsESrX/7oDWKShjRShGMpuxZKlJdhoRjhdFbqpZImmIzxkHY1jXBI5ZmcDOfEy+7nN8/gifYGMIiFrkjBufp9NsOhlNPQ150hViP528vFv7xuqoK6l7EoSRWNyGJRkHKoYpgHAAdMUKL4VBNMBNNXQzLCAhOlYyrpOL5+hv8T1zYbJrp2Kk20zKUIjsAxOAUWqIEmuAIt4AICAvAAHsGTkRrPxovxumgtGMuZQ/ADxtsnymuRMw==</latexit><latexit sha1_base64="xw3lWDRfInNhNtt9rrU1Uk4Gwck=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwoWESQx+7ghuXVYwttKFMppN26OTBzKRYQv/ArW5ciVt/SPBjnLQVVPTAhcM593LvPX7CmVQIvRuFldW19Y3iZmlre2d3r7x/cCfjVBDqkpjHouNjSTmLqKuY4rSTCIpDn9O2P77M/faECsni6FZNE+qFeBixgBGstHRzbvXLFWQ26lXbqUJkIlSzbCsnds25cKCllRwVsESrX/7oDWKShjRShGMpuxZKlJdhoRjhdFbqpZImmIzxkHY1jXBI5ZmcDOfEy+7nN8/gifYGMIiFrkjBufp9NsOhlNPQ150hViP528vFv7xuqoK6l7EoSRWNyGJRkHKoYpgHAAdMUKL4VBNMBNNXQzLCAhOlYyrpOL5+hv8T1zYbJrp2Kk20zKUIjsAxOAUWqIEmuAIt4AICAvAAHsGTkRrPxovxumgtGMuZQ/ADxtsnymuRMw==</latexit>

Equilibrium displacement

Lstiffnessx = fload

Voltage equilibrium

Lconductancev = cinjected

Laplacian systems

A Laplacian system is a linear system of equations in the variable x ∈ Rn

of the form
Lx = b,

where L ∈ Rn×n is a Laplacian matrix and b ∈ Rn.
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Spring networks and resistive circuit

x

+1
<latexit sha1_base64="F0ZijgdLySn1qco4YVCzzLpOlVY=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQlDCJoY9dwY3LKsYW2lAm00k7dPJgZlIsoX/gVjeuxK0/JPgxTtoKKnrgwuGce7n3Hj/hTCqE3o3Cyura+kZxs7S1vbO7V94/uJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWro5s/rlCjIb9artVCEyEapZtpUTu+ZcONDSSo4KWKLVL3/0BjFJQxopwrGUXQslysuwUIxwOiv1UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwRHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMZV0HF8/w/+Ja5sNE107lSZa5lIER+AYnAIL1EATXIEWcAEBAXgAj+DJSI1n48V4XbQWjOXMIfgB4+0Tx0+RMQ==</latexit><latexit sha1_base64="F0ZijgdLySn1qco4YVCzzLpOlVY=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQlDCJoY9dwY3LKsYW2lAm00k7dPJgZlIsoX/gVjeuxK0/JPgxTtoKKnrgwuGce7n3Hj/hTCqE3o3Cyura+kZxs7S1vbO7V94/uJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWro5s/rlCjIb9artVCEyEapZtpUTu+ZcONDSSo4KWKLVL3/0BjFJQxopwrGUXQslysuwUIxwOiv1UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwRHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMZV0HF8/w/+Ja5sNE107lSZa5lIER+AYnAIL1EATXIEWcAEBAXgAj+DJSI1n48V4XbQWjOXMIfgB4+0Tx0+RMQ==</latexit><latexit sha1_base64="F0ZijgdLySn1qco4YVCzzLpOlVY=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQlDCJoY9dwY3LKsYW2lAm00k7dPJgZlIsoX/gVjeuxK0/JPgxTtoKKnrgwuGce7n3Hj/hTCqE3o3Cyura+kZxs7S1vbO7V94/uJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWro5s/rlCjIb9artVCEyEapZtpUTu+ZcONDSSo4KWKLVL3/0BjFJQxopwrGUXQslysuwUIxwOiv1UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwRHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMZV0HF8/w/+Ja5sNE107lSZa5lIER+AYnAIL1EATXIEWcAEBAXgAj+DJSI1n48V4XbQWjOXMIfgB4+0Tx0+RMQ==</latexit>

+2
<latexit sha1_base64="sUWlV3UIi9iPazXzOmLB2PUa61w=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQlDCJoY9dwY3LKsYW2lAm00k7dPJgZlIsoX/gVjeuxK0/JPgxTtoKKnrgwuGce7n3Hj/hTCqE3o3Cyura+kZxs7S1vbO7V94/uJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWro5s/vlCjIb9artVCEyEapZtpUTu+ZcONDSSo4KWKLVL3/0BjFJQxopwrGUXQslysuwUIxwOiv1UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwRHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMZV0HF8/w/+Ja5sNE107lSZa5lIER+AYnAIL1EATXIEWcAEBAXgAj+DJSI1n48V4XbQWjOXMIfgB4+0TyNyRMg==</latexit><latexit sha1_base64="sUWlV3UIi9iPazXzOmLB2PUa61w=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQlDCJoY9dwY3LKsYW2lAm00k7dPJgZlIsoX/gVjeuxK0/JPgxTtoKKnrgwuGce7n3Hj/hTCqE3o3Cyura+kZxs7S1vbO7V94/uJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWro5s/vlCjIb9artVCEyEapZtpUTu+ZcONDSSo4KWKLVL3/0BjFJQxopwrGUXQslysuwUIxwOiv1UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwRHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMZV0HF8/w/+Ja5sNE107lSZa5lIER+AYnAIL1EATXIEWcAEBAXgAj+DJSI1n48V4XbQWjOXMIfgB4+0TyNyRMg==</latexit><latexit sha1_base64="sUWlV3UIi9iPazXzOmLB2PUa61w=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQlDCJoY9dwY3LKsYW2lAm00k7dPJgZlIsoX/gVjeuxK0/JPgxTtoKKnrgwuGce7n3Hj/hTCqE3o3Cyura+kZxs7S1vbO7V94/uJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWro5s/vlCjIb9artVCEyEapZtpUTu+ZcONDSSo4KWKLVL3/0BjFJQxopwrGUXQslysuwUIxwOiv1UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwRHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMZV0HF8/w/+Ja5sNE107lSZa5lIER+AYnAIL1EATXIEWcAEBAXgAj+DJSI1n48V4XbQWjOXMIfgB4+0TyNyRMg==</latexit>

�3
<latexit sha1_base64="POg+i3S4EYtqfKmvrgZnjs4JV0w=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAguNEzS0Meu4MZlFWMLbSiT6aQdOnkwMymW0D9wqxtX4tYfEvwYJ20FFT1w4XDOvdx7j59wJhVC78bK6tr6xmZhq7i9s7u3Xzo4vJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWrq5qPRLZWQ26lXbqUJkIlSzbCsnds2pONDSSo4yWKLVL330BjFJQxopwrGUXQslysuwUIxwOiv2UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwVHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMRV1HF8/w/+Ja5sNE1075SZa5lIAx+AEnAEL1EATXIEWcAEBAXgAj+DJSI1n48V4XbSuGMuZI/ADxtsnzYWRNQ==</latexit><latexit sha1_base64="POg+i3S4EYtqfKmvrgZnjs4JV0w=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAguNEzS0Meu4MZlFWMLbSiT6aQdOnkwMymW0D9wqxtX4tYfEvwYJ20FFT1w4XDOvdx7j59wJhVC78bK6tr6xmZhq7i9s7u3Xzo4vJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWrq5qPRLZWQ26lXbqUJkIlSzbCsnds2pONDSSo4yWKLVL330BjFJQxopwrGUXQslysuwUIxwOiv2UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwVHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMRV1HF8/w/+Ja5sNE1075SZa5lIAx+AEnAEL1EATXIEWcAEBAXgAj+DJSI1n48V4XbSuGMuZI/ADxtsnzYWRNQ==</latexit><latexit sha1_base64="POg+i3S4EYtqfKmvrgZnjs4JV0w=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAguNEzS0Meu4MZlFWMLbSiT6aQdOnkwMymW0D9wqxtX4tYfEvwYJ20FFT1w4XDOvdx7j59wJhVC78bK6tr6xmZhq7i9s7u3Xzo4vJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWrq5qPRLZWQ26lXbqUJkIlSzbCsnds2pONDSSo4yWKLVL330BjFJQxopwrGUXQslysuwUIxwOiv2UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwVHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMRV1HF8/w/+Ja5sNE1075SZa5lIAx+AEnAEL1EATXIEWcAEBAXgAj+DJSI1n48V4XbSuGMuZI/ADxtsnzYWRNQ==</latexit>

current
source

current
source

+1
<latexit sha1_base64="F0ZijgdLySn1qco4YVCzzLpOlVY=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQlDCJoY9dwY3LKsYW2lAm00k7dPJgZlIsoX/gVjeuxK0/JPgxTtoKKnrgwuGce7n3Hj/hTCqE3o3Cyura+kZxs7S1vbO7V94/uJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWro5s/rlCjIb9artVCEyEapZtpUTu+ZcONDSSo4KWKLVL3/0BjFJQxopwrGUXQslysuwUIxwOiv1UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwRHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMZV0HF8/w/+Ja5sNE107lSZa5lIER+AYnAIL1EATXIEWcAEBAXgAj+DJSI1n48V4XbQWjOXMIfgB4+0Tx0+RMQ==</latexit><latexit sha1_base64="F0ZijgdLySn1qco4YVCzzLpOlVY=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQlDCJoY9dwY3LKsYW2lAm00k7dPJgZlIsoX/gVjeuxK0/JPgxTtoKKnrgwuGce7n3Hj/hTCqE3o3Cyura+kZxs7S1vbO7V94/uJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWro5s/rlCjIb9artVCEyEapZtpUTu+ZcONDSSo4KWKLVL3/0BjFJQxopwrGUXQslysuwUIxwOiv1UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwRHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMZV0HF8/w/+Ja5sNE107lSZa5lIER+AYnAIL1EATXIEWcAEBAXgAj+DJSI1n48V4XbQWjOXMIfgB4+0Tx0+RMQ==</latexit><latexit sha1_base64="F0ZijgdLySn1qco4YVCzzLpOlVY=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQlDCJoY9dwY3LKsYW2lAm00k7dPJgZlIsoX/gVjeuxK0/JPgxTtoKKnrgwuGce7n3Hj/hTCqE3o3Cyura+kZxs7S1vbO7V94/uJNxKgh1Scxj0fGxpJxF1FVMcdpJBMWhz2nbH1/mfntChWRxdKumCfVCPIxYwAhWWro5s/rlCjIb9artVCEyEapZtpUTu+ZcONDSSo4KWKLVL3/0BjFJQxopwrGUXQslysuwUIxwOiv1UkkTTMZ4SLuaRjik8lxOhnPiZffzm2fwRHsDGMRCV6TgXP0+m+FQymno684Qq5H87eXiX143VUHdy1iUpIpGZLEoSDlUMcwDgAMmKFF8qgkmgumrIRlhgYnSMZV0HF8/w/+Ja5sNE107lSZa5lIER+AYnAIL1EATXIEWcAEBAXgAj+DJSI1n48V4XbQWjOXMIfgB4+0Tx0+RMQ==</latexit>

�1
<latexit sha1_base64="xw3lWDRfInNhNtt9rrU1Uk4Gwck=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwoWESQx+7ghuXVYwttKFMppN26OTBzKRYQv/ArW5ciVt/SPBjnLQVVPTAhcM593LvPX7CmVQIvRuFldW19Y3iZmlre2d3r7x/cCfjVBDqkpjHouNjSTmLqKuY4rSTCIpDn9O2P77M/faECsni6FZNE+qFeBixgBGstHRzbvXLFWQ26lXbqUJkIlSzbCsnds25cKCllRwVsESrX/7oDWKShjRShGMpuxZKlJdhoRjhdFbqpZImmIzxkHY1jXBI5ZmcDOfEy+7nN8/gifYGMIiFrkjBufp9NsOhlNPQ150hViP528vFv7xuqoK6l7EoSRWNyGJRkHKoYpgHAAdMUKL4VBNMBNNXQzLCAhOlYyrpOL5+hv8T1zYbJrp2Kk20zKUIjsAxOAUWqIEmuAIt4AICAvAAHsGTkRrPxovxumgtGMuZQ/ADxtsnymuRMw==</latexit><latexit sha1_base64="xw3lWDRfInNhNtt9rrU1Uk4Gwck=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwoWESQx+7ghuXVYwttKFMppN26OTBzKRYQv/ArW5ciVt/SPBjnLQVVPTAhcM593LvPX7CmVQIvRuFldW19Y3iZmlre2d3r7x/cCfjVBDqkpjHouNjSTmLqKuY4rSTCIpDn9O2P77M/faECsni6FZNE+qFeBixgBGstHRzbvXLFWQ26lXbqUJkIlSzbCsnds25cKCllRwVsESrX/7oDWKShjRShGMpuxZKlJdhoRjhdFbqpZImmIzxkHY1jXBI5ZmcDOfEy+7nN8/gifYGMIiFrkjBufp9NsOhlNPQ150hViP528vFv7xuqoK6l7EoSRWNyGJRkHKoYpgHAAdMUKL4VBNMBNNXQzLCAhOlYyrpOL5+hv8T1zYbJrp2Kk20zKUIjsAxOAUWqIEmuAIt4AICAvAAHsGTkRrPxovxumgtGMuZQ/ADxtsnymuRMw==</latexit><latexit sha1_base64="xw3lWDRfInNhNtt9rrU1Uk4Gwck=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwoWESQx+7ghuXVYwttKFMppN26OTBzKRYQv/ArW5ciVt/SPBjnLQVVPTAhcM593LvPX7CmVQIvRuFldW19Y3iZmlre2d3r7x/cCfjVBDqkpjHouNjSTmLqKuY4rSTCIpDn9O2P77M/faECsni6FZNE+qFeBixgBGstHRzbvXLFWQ26lXbqUJkIlSzbCsnds25cKCllRwVsESrX/7oDWKShjRShGMpuxZKlJdhoRjhdFbqpZImmIzxkHY1jXBI5ZmcDOfEy+7nN8/gifYGMIiFrkjBufp9NsOhlNPQ150hViP528vFv7xuqoK6l7EoSRWNyGJRkHKoYpgHAAdMUKL4VBNMBNNXQzLCAhOlYyrpOL5+hv8T1zYbJrp2Kk20zKUIjsAxOAUWqIEmuAIt4AICAvAAHsGTkRrPxovxumgtGMuZQ/ADxtsnymuRMw==</latexit>

Equilibrium displacement

Lstiffnessx = fload

Voltage equilibrium

Lconductancev = cinjected

Laplacian systems

A Laplacian system is a linear system of equations in the variable x ∈ Rn

of the form
Lx = b,

where L ∈ Rn×n is a Laplacian matrix and b ∈ Rn.
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Soltuions to Laplacian systems

Solutions to Laplacian systems

Consider the symmetric Laplacian matrix L of a connected graph with
decomposition L = U diag(0, λ2, . . . , λn)U

⊤, where U ∈ Rn×n is
orthonormal. Then

1 image(L) = 1⊥
n so that the system admits solutions iff b ⊥ 1n,

2 if b ∈ Rn is balanced, that is, b ⊥ 1n, then the set of solutions to the
Laplacian system is

{L†b + β1n | β ∈ R},
3 the pseudoinverse of L is

L† = U


0 0 . . . 0
0 1/λ2 . . . 0
...

...
. . .

...
0 0 . . . 1/λn

U⊤

Laplacian matrix (Lecture 6) AU7036 March 12, 2024 17 / 19



Effective resistance

+re↵
ij

<latexit sha1_base64="NKBCucG0ClamYwSs0ByyKoWfl74=">AAACCXicbZDJSgNBEIZ74hbjFhVPXgaD4EHCTAiYY8CLxwhmgSQOPT01SZuehe6aYBjmCXwKr3ryJl59Cg++i53loIk/NHzUX0V1/W4suELL+jJya+sbm1v57cLO7t7+QfHwqKWiRDJoskhEsuNSBYKH0ESOAjqxBBq4Atru6Hrqt8cgFY/CO5zE0A/oIOQ+ZxR1ySmeSCflD9l92kN4xCROwfezzCmWrLI1k7kK9gJKZKGGU/zueRFLAgiRCapU17Zi7KdUImcCskIvURBTNqID6GoMaQDq0hvzWM2wn84uycxzbXqmH0n9QjRn1d/DKQ2UmgSu7gwoDtWyNy3+53UT9Gv9lIdxghCy+SI/ESZG5jQW0+MSGIqJBsok19822ZBKylCHV9B52MvXr0KrUrar5dpttVSvLJLJk1NyRi6ITa5IndyQBmkSRlLyTF7Iq/FkvBnvxse8NWcsZo7JHxmfP+xqm0E=</latexit>

-

i

<latexit sha1_base64="FV/UX5I1HOro4wFojt9+OjICKKU="></latexit>

j

<latexit sha1_base64="1kLuBivsubJJvjHKsY1dIoEwRhk="></latexit>

Injected current is cinjected = ei − ej
Node potential v can be solved via

Lconductancev = cinjected =⇒ v = L†conductancecinjected + β1n

Effective resistance is then r effij = vi − vj , i.e.,

r effij = (ei − ej)
⊤L†conductance(ei − ej).
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Upcoming

Week 1-6:

Introduction

Elements of matrix theory

Elements of graph theory

Elements of algebraic graph theory

Discrete-time averaging systems

The Laplacian matrix

Continuous-time averaging systems

Diffusively-coupled linear systems

(*) The incidence matrix and its applications

(*) Metzler matrices and dynamical flow systems

Week 7-14:

Lyapunov stability theory

Nonlienar averaging systems (Euler-Lagrangian, oscillators)

Other advanced topics

Week 15-16:

Project presentation
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