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Last time

Continuous-time linear systems and their convergence properties

Solutions via matrix exponential
Semi-convergence and Hurwitz via spectral abscissa

Laplacian flows and their convergence properties

Properties of matrix exponential of Laplacian matrices
Equivalent conditions for consensus

Design of weight-balanced digraphs
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Today

1 Consensus problems with vector-valued states

2 Diffusively-coupled linear systems (SISO case)

3 Application to the second-order Laplacian flow

4 State-feedback and controller design (MIMO case)

5 Extension to Formation Control



Today

1 Consensus problems with vector-valued states

2 Diffusively-coupled linear systems (SISO case)

3 Application to the second-order Laplacian flow

4 State-feedback and controller design (MIMO case)

5 Extension to Formation Control



Laplacian flow with scalar states

Let G be a weighted digraph with n nodes and Laplacian matrix L

The Laplacian flow on Rn is the dynamical system

ẋ = −Lx

In components

ẋi =
n∑

j=1

aij(xj − xi ) =
∑

j∈N out(i)

aij(xj − xi )

What if each node has a vector-valued state xi ∈ Rd?

Position of robots in 2D or 3D space

Opinions regarding multiple issues/topics
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Vector-value states Laplacian flow

Component-wise equation still holds

ẋi =
n∑

j=1

aij(xj − xi ) =
∑

j∈N out(i)

aij(xj − xi )

where xi ∈ Rd

Define system state

x =




x1
x2
...
xn


 ∈ Rnd

What is the differential equation for x?
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Laplacian flow with vector-value states

Define system state

x =




x1
x2
...
xn


 ∈ Rnd

What is the differential equation for x?

ẋ =




ẋ1
ẋ2
...
ẋn


 =




−ℓ11Id −ℓ12Id · · · −ℓ1nId
−ℓ21Id −ℓ22Id · · · −ℓ2nId

...
... · · · ...

−ℓn1Id −ℓn2Id · · · −ℓnnId







x1
x2
...
xn




More compactly via Kronecker product

ẋ = (−L⊗ Id)x
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Kronecker product: Definition

Kronecker product

The Kronecker product of A ∈ Rn×m and B ∈ Rq×r is the nq ×mr matrix
A⊗B given by

A⊗B =




a11B . . . a1mB
...

. . .
...

an1B
. . . anmB


 .

What is In ⊗B?

What is A⊗ Iq?

What is v ⊗w?

In ⊗B =




B . . . 0
...

. . .
...

0
. . . B



nq×nr

A⊗ Iq =




a11Iq . . . a1nIq
...

. . .
...

am1Iq
. . . amnIq



mq×nq

v ⊗w =



v1w
...

vnw
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Kronecker product: Properties

A⊗B =




a11B . . . a1mB
...

. . .
...

an1B
. . . anmB




Bilinearity

(αA+βB)⊗(γC +δD) = αγA⊗C +αδA⊗D+βγB ⊗C +βδB ⊗D

Associativity
(A⊗B)⊗C = A⊗(B ⊗C )

Transpose
(A⊗B)⊤ = A⊤⊗B⊤

Mixed product

(A⊗B)(C ⊗D) = (AC )⊗(BD)
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Kronecker product: Consequences of mixed product

A⊗B =




a11B . . . a1mB
...

. . .
...

an1B
. . . anmB




Mixed product property: (A⊗B)(C ⊗D) = (AC )⊗(BD)

If Av = λv , Bw = µw , then

(A⊗B)(v ⊗w) = (Av)⊗(Bw) = λµ(v ⊗w)

1 v ⊗w is an eigenvector of A⊗B
2 spectrum(A⊗B) = {λµ | λ ∈ spectrum(A), µ ∈ spectrum(B)}

If both A and B are invertible, then

(A⊗B)(A−1⊗B−1) = I
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Laplacian flow with vector-value states: Analysis

ẋ = (−L⊗ Id)x

or component-wise

ẋi =
n∑

j=1

aij(xj − xi )

Decomposition: each component xki of xi for k ∈ {1, . . . , d} satisfies

ẋki =
n∑

j=1

aij(x
k
j − xki )

Component k reaches consensus to w⊤ [
xk1 (0) xk2 (0) · · · xkn (0)

]⊤

Use the spectrum properties of −L⊗ Id
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Diffusively-coupled identical linear systems

A single-input-single-output (SISO) continuous-time linear system is

ẋi (t) = Axi (t) + Bui (t)

yi (t) = Cxi (t)

where xi (t) ∈ Rd , ui (t) ∈ R, and yi (t) ∈ R

Agents are connected through a weighted digraph G with Laplacian L

Output-dependent diffusive coupling law

ui (t) =
n∑

j=1

aij(yj(t)− yi (t)) = C
n∑

j=1

aij(xj(t)− xi (t))

ẋi(t) = A xi(t) + Bui(t)

yi(t) = C xi(t)
<latexit sha1_base64="pZzwz9RRlS40rxVoI02vmSBUwIQ="></latexit>
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X

j
aij(yj � yi)
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�<latexit sha1_base64="bbEC6nsvmZWnOUCDhFMj6UFkKLI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEHrQkKuix4MVjC/YD2lA220m7dLMJu5NiCf0FXvXiTbz6hwR/jNs0B219YeFh3hl25vVjwTU6zpe1tr6xubVd2Cnu7u0fHJaOjls6ShSDJotEpDo+1SC4hCZyFNCJFdDQF9D2x/dzvz0BpXkkH3EagxfSoeQBZxRNqXHZL5WdqpPJXgU3hzLJVe+XvnuDiCUhSGSCat11nRi9lCrkTMCs2Es0xJSN6RC6BiUNQV/oyTADL33KVp7Z58Yb2EGkzJNoZ9XfsykNtZ6GvukMKY70sjcv/ud1EwzuvJTLOEGQbPFRkAgbI3t+vz3gChiKqQHKFDdb22xEFWVoUiqaONzl41ehdVV1r6tO46Zcq+TBFMgpOSMV4pJbUiMPpE6ahBEgz+SFvFpovVnv1seidc3KZ07IH1mfP4rokN0=</latexit>

aik
<latexit sha1_base64="IlDpW8AuiY9VV85B2S/qG86kD5o=">AAAB93icbZDLSsNAFIZP6q3WW9Slm8EidCElUUGXBTcuK9gLtKFMppN27GQSZibFEPoObnXjTtz6OIIP4zTNQlsPDHz8/zmcM78fc6a043xZpbX1jc2t8nZlZ3dv/8A+PGqrKJGEtkjEI9n1saKcCdrSTHPajSXFoc9px5/czv3OlErFIvGg05h6IR4JFjCCtZHaeJCxyWxgV526kxdaBbeAKhTVHNjf/WFEkpAKTThWquc6sfYyLDUjnM4q/UTRGJMJHtGeQYFDqs7VdJSDlz3ld8/QmfGGKIikeUKjXP09m+FQqTT0TWeI9Vgte3PxP6+X6ODGy5iIE00FWSwKEo50hOYhoCGTlGieGsBEMnM1ImMsMdEmqoqJw13+/Cq0L+ruZd25v6o2akUwZTiBU6iBC9fQgDtoQgsIPMIzvMCrlVpv1rv1sWgtWcXMMfwp6/MH+Z+Tbg==</latexit>

ai`
<latexit sha1_base64="+S3qyEznKZY2wgsyySS2YzOjQTQ=">AAAB+nicbZDLSgMxFIbPeK31VnXpJliELqTMqKDLghuXFexF2qFk0kwbmmSGJFMsY5/CrW7ciVtfRvBhTKez0NYDgY//P4dz8gcxZ9q47pezsrq2vrFZ2Cpu7+zu7ZcODps6ShShDRLxSLUDrClnkjYMM5y2Y0WxCDhtBaObmd8aU6VZJO/NJKa+wAPJQkawsdID7qWsSzmf9kplt+pmhZbBy6EMedV7pe9uPyKJoNIQjrXueG5s/BQrwwin02I30TTGZIQHtGNRYkH1mR4PMvDTx+z0KTq1Xh+FkbJPGpSpv2dTLLSeiMB2CmyGetGbif95ncSE137KZJwYKsl8UZhwZCI0ywH1maLE8IkFTBSzVyMyxAoTY9Mq2ji8xc8vQ/O86l1U3bvLcq2SB1OAYziBCnhwBTW4hTo0gICAZ3iBV+fJeXPenY9564qTzxzBn3I+fwBGopS6</latexit>

aih
<latexit sha1_base64="axCWNq2ooBfuXBwOyuCGDjW3kns=">AAAB93icbZDLSsNAFIZP6q3WW9Slm8EidCElUUGXBTcuK9gLtKFMppN27GQSZibFEPoObnXjTtz6OIIP4zTNQlsPDHz8/zmcM78fc6a043xZpbX1jc2t8nZlZ3dv/8A+PGqrKJGEtkjEI9n1saKcCdrSTHPajSXFoc9px5/czv3OlErFIvGg05h6IR4JFjCCtZHaeJCx8WxgV526kxdaBbeAKhTVHNjf/WFEkpAKTThWquc6sfYyLDUjnM4q/UTRGJMJHtGeQYFDqs7VdJSDlz3ld8/QmfGGKIikeUKjXP09m+FQqTT0TWeI9Vgte3PxP6+X6ODGy5iIE00FWSwKEo50hOYhoCGTlGieGsBEMnM1ImMsMdEmqoqJw13+/Cq0L+ruZd25v6o2akUwZTiBU6iBC9fQgDtoQgsIPMIzvMCrlVpv1rv1sWgtWcXMMfwp6/MH9PKTaw==</latexit>

+
<latexit sha1_base64="cByjrc8XNgH6CL94xHKdk5fOiSI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEglISFfRY8OKxBfsBbSib7aRdutmE3UmxhP4Cr3rxJl79Q4I/xm2ag7a+sPAw7ww78/qx4Bod58taW9/Y3Nou7BR39/YPDktHxy0dJYpBk0UiUh2fahBcQhM5CujECmjoC2j74/u5356A0jySjziNwQvpUPKAM4qm1Ljol8pO1clkr4KbQ5nkqvdL371BxJIQJDJBte66ToxeShVyJmBW7CUaYsrGdAhdg5KGoC/1ZJiBlz5lK8/sc+MN7CBS5km0s+rv2ZSGWk9D33SGFEd62ZsX//O6CQZ3XsplnCBItvgoSISNkT2/3x5wBQzF1ABliputbTaiijI0KRVNHO7y8avQuqq611WncVOuVfJgCuSUnJEKccktqZEHUidNwgiQZ/JCXi203qx362PRumblMyfkj6zPH4fMkNs=</latexit>
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Diffusively-coupled identical linear systems

A single-input-single-output (SISO) continuous-time linear system is

ẋi (t) = Axi (t) + Bui (t)

yi (t) = Cxi (t)

where xi (t) ∈ Rd , ui (t) ∈ R, and yi (t) ∈ R

Agents are connected through a weighted digraph G with Laplacian L

Output-dependent diffusive coupling law

ui (t) =
n∑

j=1

aij(yj(t)− yi (t)) = C
n∑

j=1

aij(xj(t)− xi (t))

ẋi(t) = A xi(t) + Bui(t)

yi(t) = C xi(t)
<latexit sha1_base64="pZzwz9RRlS40rxVoI02vmSBUwIQ="></latexit>

yi
<latexit sha1_base64="ralxoCRZZP1lUAUA4P7nw7Ks+P4=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EidCElUUGXBTcuK9oLtKFMppN06GQSZibFEPoIbnXjTtz6PoIP4zTNQlsPDHz8/zmcM78Xc6a0bX9ZpbX1jc2t8nZlZ3dv/6B6eNRRUSIJbZOIR7LnYUU5E7Stmea0F0uKQ4/Trje5nfvdKZWKReJRpzF1QxwI5jOCtZEe0iEbVmt2w84LrYJTQA2Kag2r34NRRJKQCk04Vqrv2LF2Myw1I5zOKoNE0RiTCQ5o36DAIVXnahrk4GZP+dEzdGa8EfIjaZ7QKFd/z2Y4VCoNPdMZYj1Wy95c/M/rJ9q/cTMm4kRTQRaL/IQjHaF5AmjEJCWapwYwkcxcjcgYS0y0yali4nCWP78KnYuGc9mw769qzXoRTBlO4BTq4MA1NOEOWtAGAgE8wwu8WlPrzXq3PhatJauYOYY/ZX3+AINNkgU=</latexit>

�<latexit sha1_base64="bbEC6nsvmZWnOUCDhFMj6UFkKLI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEHrQkKuix4MVjC/YD2lA220m7dLMJu5NiCf0FXvXiTbz6hwR/jNs0B219YeFh3hl25vVjwTU6zpe1tr6xubVd2Cnu7u0fHJaOjls6ShSDJotEpDo+1SC4hCZyFNCJFdDQF9D2x/dzvz0BpXkkH3EagxfSoeQBZxRNqXHZL5WdqpPJXgU3hzLJVe+XvnuDiCUhSGSCat11nRi9lCrkTMCs2Es0xJSN6RC6BiUNQV/oyTADL33KVp7Z58Yb2EGkzJNoZ9XfsykNtZ6GvukMKY70sjcv/ud1EwzuvJTLOEGQbPFRkAgbI3t+vz3gChiKqQHKFDdb22xEFWVoUiqaONzl41ehdVV1r6tO46Zcq+TBFMgpOSMV4pJbUiMPpE6ahBEgz+SFvFpovVnv1seidc3KZ07IH1mfP4rokN0=</latexit>

+
<latexit sha1_base64="cByjrc8XNgH6CL94xHKdk5fOiSI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEglISFfRY8OKxBfsBbSib7aRdutmE3UmxhP4Cr3rxJl79Q4I/xm2ag7a+sPAw7ww78/qx4Bod58taW9/Y3Nou7BR39/YPDktHxy0dJYpBk0UiUh2fahBcQhM5CujECmjoC2j74/u5356A0jySjziNwQvpUPKAM4qm1Ljol8pO1clkr4KbQ5nkqvdL371BxJIQJDJBte66ToxeShVyJmBW7CUaYsrGdAhdg5KGoC/1ZJiBlz5lK8/sc+MN7CBS5km0s+rv2ZSGWk9D33SGFEd62ZsX//O6CQZ3XsplnCBItvgoSISNkT2/3x5wBQzF1ABliputbTaiijI0KRVNHO7y8avQuqq611WncVOuVfJgCuSUnJEKccktqZEHUidNwgiQZ/JCXi203qx362PRumblMyfkj6zPH4fMkNs=</latexit>

+
<latexit sha1_base64="cByjrc8XNgH6CL94xHKdk5fOiSI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEglISFfRY8OKxBfsBbSib7aRdutmE3UmxhP4Cr3rxJl79Q4I/xm2ag7a+sPAw7ww78/qx4Bod58taW9/Y3Nou7BR39/YPDktHxy0dJYpBk0UiUh2fahBcQhM5CujECmjoC2j74/u5356A0jySjziNwQvpUPKAM4qm1Ljol8pO1clkr4KbQ5nkqvdL371BxJIQJDJBte66ToxeShVyJmBW7CUaYsrGdAhdg5KGoC/1ZJiBlz5lK8/sc+MN7CBS5km0s+rv2ZSGWk9D33SGFEd62ZsX//O6CQZ3XsplnCBItvgoSISNkT2/3x5wBQzF1ABliputbTaiijI0KRVNHO7y8avQuqq611WncVOuVfJgCuSUnJEKccktqZEHUidNwgiQZ/JCXi203qx362PRumblMyfkj6zPH4fMkNs=</latexit>

+
<latexit sha1_base64="cByjrc8XNgH6CL94xHKdk5fOiSI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEglISFfRY8OKxBfsBbSib7aRdutmE3UmxhP4Cr3rxJl79Q4I/xm2ag7a+sPAw7ww78/qx4Bod58taW9/Y3Nou7BR39/YPDktHxy0dJYpBk0UiUh2fahBcQhM5CujECmjoC2j74/u5356A0jySjziNwQvpUPKAM4qm1Ljol8pO1clkr4KbQ5nkqvdL371BxJIQJDJBte66ToxeShVyJmBW7CUaYsrGdAhdg5KGoC/1ZJiBlz5lK8/sc+MN7CBS5km0s+rv2ZSGWk9D33SGFEd62ZsX//O6CQZ3XsplnCBItvgoSISNkT2/3x5wBQzF1ABliputbTaiijI0KRVNHO7y8avQuqq611WncVOuVfJgCuSUnJEKccktqZEHUidNwgiQZ/JCXi203qx362PRumblMyfkj6zPH4fMkNs=</latexit>

+
<latexit sha1_base64="cByjrc8XNgH6CL94xHKdk5fOiSI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEglISFfRY8OKxBfsBbSib7aRdutmE3UmxhP4Cr3rxJl79Q4I/xm2ag7a+sPAw7ww78/qx4Bod58taW9/Y3Nou7BR39/YPDktHxy0dJYpBk0UiUh2fahBcQhM5CujECmjoC2j74/u5356A0jySjziNwQvpUPKAM4qm1Ljol8pO1clkr4KbQ5nkqvdL371BxJIQJDJBte66ToxeShVyJmBW7CUaYsrGdAhdg5KGoC/1ZJiBlz5lK8/sc+MN7CBS5km0s+rv2ZSGWk9D33SGFEd62ZsX//O6CQZ3XsplnCBItvgoSISNkT2/3x5wBQzF1ABliputbTaiijI0KRVNHO7y8avQuqq611WncVOuVfJgCuSUnJEKccktqZEHUidNwgiQZ/JCXi203qx362PRumblMyfkj6zPH4fMkNs=</latexit>

yh
<latexit sha1_base64="Lc0lSKhApifj2Lp7vlUoGp0to9Q=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EidCElUUGXBTcuK9oLtKFMppN06GQSZibFEPoIbnXjTtz6PoIP4zTNQlsPDHz8/zmcM78Xc6a0bX9ZpbX1jc2t8nZlZ3dv/6B6eNRRUSIJbZOIR7LnYUU5E7Stmea0F0uKQ4/Trje5nfvdKZWKReJRpzF1QxwI5jOCtZEe0uF4WK3ZDTsvtApOATUoqjWsfg9GEUlCKjThWKm+Y8fazbDUjHA6qwwSRWNMJjigfYMCh1Sdq2mQg5s95UfP0JnxRsiPpHlCo1z9PZvhUKk09ExniPVYLXtz8T+vn2j/xs2YiBNNBVks8hOOdITmCaARk5RonhrARDJzNSJjLDHRJqeKicNZ/vwqdC4azmXDvr+qNetFMGU4gVOogwPX0IQ7aEEbCATwDC/wak2tN+vd+li0lqxi5hj+lPX5A4G/kgQ=</latexit>

yk
<latexit sha1_base64="Lc36SkKdEVTWh5yrVqigAMGxqcw=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EidCElUUGXBTcuK9oLtKFMppN06GQSZibFEPoIbnXjTtz6PoIP4zTNQlsPDHz8/zmcM78Xc6a0bX9ZpbX1jc2t8nZlZ3dv/6B6eNRRUSIJbZOIR7LnYUU5E7Stmea0F0uKQ4/Trje5nfvdKZWKReJRpzF1QxwI5jOCtZEe0uFkWK3ZDTsvtApOATUoqjWsfg9GEUlCKjThWKm+Y8fazbDUjHA6qwwSRWNMJjigfYMCh1Sdq2mQg5s95UfP0JnxRsiPpHlCo1z9PZvhUKk09ExniPVYLXtz8T+vn2j/xs2YiBNNBVks8hOOdITmCaARk5RonhrARDJzNSJjLDHRJqeKicNZ/vwqdC4azmXDvr+qNetFMGU4gVOogwPX0IQ7aEEbCATwDC/wak2tN+vd+li0lqxi5hj+lPX5A4Zpkgc=</latexit>

y`
<latexit sha1_base64="RQL5dCYuD0yAVOIeRkPr17bXeaM=">AAAB93icbZDLSgNBEEVr4ivGV9Slm8YgZCFhRgVdBty4jGAekAyhp1NJ2vQ86O4JDkP+wa1u3IlbP0fwY+xMZqGJBQ2He6uo6utFgitt219WYW19Y3OruF3a2d3bPygfHrVUGEuGTRaKUHY8qlDwAJuaa4GdSCL1PYFtb3I799tTlIqHwYNOInR9Ogr4kDOqjdRK+j0Uol+u2DU7K7IKTg4VyKvRL3/3BiGLfQw0E1SprmNH2k2p1JwJnJV6scKIsgkdYddgQH1U52o6ysBNn7K7Z+TMeAMyDKV5gSaZ+ns2pb5Sie+ZTp/qsVr25uJ/XjfWwxs35UEUawzYYtEwFkSHZB4CGXCJTIvEAGWSm6sJG1NJmTZRlUwczvLnV6F1UXMua/b9VaVezYMpwgmcQhUcuIY63EEDmsDgEZ7hBV6txHqz3q2PRWvBymeO4U9Znz/PuZNT</latexit>

ui =
X

j
aij(yj � yi)

<latexit sha1_base64="O6VhpIqn1oalJf+q6zccWEIUATQ=">AAACFXicbZDLSsNAFIYnXmu9RV26CS1CBS2JCroRCm5cVrAXaEKYTKfttDOTMDMphtC9b+BbuNWNO3HrWvBhnKZZaOsPAx/nP4cz5w8iSqSy7S9jaXlldW29sFHc3Nre2TX39psyjAXCDRTSULQDKDElHDcUURS3I4EhCyhuBaObqd8aYyFJyO9VEmGPwT4nPYKg0iXfLMU+uXZlzFweUsKIkv4Q+ikZTiqJPzxNfHLsm2W7ameyFsHJoQxy1X3z2+2GKGaYK0ShlB3HjpSXQqEIonhSdGOJI4hGsI87GjlkWJ7IcT8DL33IrppYR9rrWr1Q6MeVlVV/z6aQSZmwQHcyqAZy3psW//M6sepdeSnhUawwR7NFvZhaKrSmEVldIjBSNNEAkSD61xYaQAGR0kEWdRzO/PGL0DyrOudV++6iXKvkwRTAISiBCnDAJaiBW1AHDYDAI3gGL+DVeDLejHfjY9a6ZOQzB+CPjM8fFN6fdg==</latexit>

+
<latexit sha1_base64="cByjrc8XNgH6CL94xHKdk5fOiSI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEglISFfRY8OKxBfsBbSib7aRdutmE3UmxhP4Cr3rxJl79Q4I/xm2ag7a+sPAw7ww78/qx4Bod58taW9/Y3Nou7BR39/YPDktHxy0dJYpBk0UiUh2fahBcQhM5CujECmjoC2j74/u5356A0jySjziNwQvpUPKAM4qm1Ljol8pO1clkr4KbQ5nkqvdL371BxJIQJDJBte66ToxeShVyJmBW7CUaYsrGdAhdg5KGoC/1ZJiBlz5lK8/sc+MN7CBS5km0s+rv2ZSGWk9D33SGFEd62ZsX//O6CQZ3XsplnCBItvgoSISNkT2/3x5wBQzF1ABliputbTaiijI0KRVNHO7y8avQuqq611WncVOuVfJgCuSUnJEKccktqZEHUidNwgiQZ/JCXi203qx362PRumblMyfkj6zPH4fMkNs=</latexit>

�<latexit sha1_base64="bbEC6nsvmZWnOUCDhFMj6UFkKLI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEHrQkKuix4MVjC/YD2lA220m7dLMJu5NiCf0FXvXiTbz6hwR/jNs0B219YeFh3hl25vVjwTU6zpe1tr6xubVd2Cnu7u0fHJaOjls6ShSDJotEpDo+1SC4hCZyFNCJFdDQF9D2x/dzvz0BpXkkH3EagxfSoeQBZxRNqXHZL5WdqpPJXgU3hzLJVe+XvnuDiCUhSGSCat11nRi9lCrkTMCs2Es0xJSN6RC6BiUNQV/oyTADL33KVp7Z58Yb2EGkzJNoZ9XfsykNtZ6GvukMKY70sjcv/ud1EwzuvJTLOEGQbPFRkAgbI3t+vz3gChiKqQHKFDdb22xEFWVoUiqaONzl41ehdVV1r6tO46Zcq+TBFMgpOSMV4pJbUiMPpE6ahBEgz+SFvFpovVnv1seidc3KZ07IH1mfP4rokN0=</latexit>

�<latexit sha1_base64="bbEC6nsvmZWnOUCDhFMj6UFkKLI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEHrQkKuix4MVjC/YD2lA220m7dLMJu5NiCf0FXvXiTbz6hwR/jNs0B219YeFh3hl25vVjwTU6zpe1tr6xubVd2Cnu7u0fHJaOjls6ShSDJotEpDo+1SC4hCZyFNCJFdDQF9D2x/dzvz0BpXkkH3EagxfSoeQBZxRNqXHZL5WdqpPJXgU3hzLJVe+XvnuDiCUhSGSCat11nRi9lCrkTMCs2Es0xJSN6RC6BiUNQV/oyTADL33KVp7Z58Yb2EGkzJNoZ9XfsykNtZ6GvukMKY70sjcv/ud1EwzuvJTLOEGQbPFRkAgbI3t+vz3gChiKqQHKFDdb22xEFWVoUiqaONzl41ehdVV1r6tO46Zcq+TBFMgpOSMV4pJbUiMPpE6ahBEgz+SFvFpovVnv1seidc3KZ07IH1mfP4rokN0=</latexit>

aik
<latexit sha1_base64="IlDpW8AuiY9VV85B2S/qG86kD5o=">AAAB93icbZDLSsNAFIZP6q3WW9Slm8EidCElUUGXBTcuK9gLtKFMppN27GQSZibFEPoObnXjTtz6OIIP4zTNQlsPDHz8/zmcM78fc6a043xZpbX1jc2t8nZlZ3dv/8A+PGqrKJGEtkjEI9n1saKcCdrSTHPajSXFoc9px5/czv3OlErFIvGg05h6IR4JFjCCtZHaeJCxyWxgV526kxdaBbeAKhTVHNjf/WFEkpAKTThWquc6sfYyLDUjnM4q/UTRGJMJHtGeQYFDqs7VdJSDlz3ld8/QmfGGKIikeUKjXP09m+FQqTT0TWeI9Vgte3PxP6+X6ODGy5iIE00FWSwKEo50hOYhoCGTlGieGsBEMnM1ImMsMdEmqoqJw13+/Cq0L+ruZd25v6o2akUwZTiBU6iBC9fQgDtoQgsIPMIzvMCrlVpv1rv1sWgtWcXMMfwp6/MH+Z+Tbg==</latexit>

ai`
<latexit sha1_base64="+S3qyEznKZY2wgsyySS2YzOjQTQ=">AAAB+nicbZDLSgMxFIbPeK31VnXpJliELqTMqKDLghuXFexF2qFk0kwbmmSGJFMsY5/CrW7ciVtfRvBhTKez0NYDgY//P4dz8gcxZ9q47pezsrq2vrFZ2Cpu7+zu7ZcODps6ShShDRLxSLUDrClnkjYMM5y2Y0WxCDhtBaObmd8aU6VZJO/NJKa+wAPJQkawsdID7qWsSzmf9kplt+pmhZbBy6EMedV7pe9uPyKJoNIQjrXueG5s/BQrwwin02I30TTGZIQHtGNRYkH1mR4PMvDTx+z0KTq1Xh+FkbJPGpSpv2dTLLSeiMB2CmyGetGbif95ncSE137KZJwYKsl8UZhwZCI0ywH1maLE8IkFTBSzVyMyxAoTY9Mq2ji8xc8vQ/O86l1U3bvLcq2SB1OAYziBCnhwBTW4hTo0gICAZ3iBV+fJeXPenY9564qTzxzBn3I+fwBGopS6</latexit>

aih
<latexit sha1_base64="axCWNq2ooBfuXBwOyuCGDjW3kns=">AAAB93icbZDLSsNAFIZP6q3WW9Slm8EidCElUUGXBTcuK9gLtKFMppN27GQSZibFEPoObnXjTtz6OIIP4zTNQlsPDHz8/zmcM78fc6a043xZpbX1jc2t8nZlZ3dv/8A+PGqrKJGEtkjEI9n1saKcCdrSTHPajSXFoc9px5/czv3OlErFIvGg05h6IR4JFjCCtZHaeJCx8WxgV526kxdaBbeAKhTVHNjf/WFEkpAKTThWquc6sfYyLDUjnM4q/UTRGJMJHtGeQYFDqs7VdJSDlz3ld8/QmfGGKIikeUKjXP09m+FQqTT0TWeI9Vgte3PxP6+X6ODGy5iIE00FWSwKEo50hOYhoCGTlGieGsBEMnM1ImMsMdEmqoqJw13+/Cq0L+ruZd25v6o2akUwZTiBU6iBC9fQgDtoQgsIPMIzvMCrlVpv1rv1sWgtWcXMMfwp6/MH9PKTaw==</latexit>

+
<latexit sha1_base64="cByjrc8XNgH6CL94xHKdk5fOiSI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEglISFfRY8OKxBfsBbSib7aRdutmE3UmxhP4Cr3rxJl79Q4I/xm2ag7a+sPAw7ww78/qx4Bod58taW9/Y3Nou7BR39/YPDktHxy0dJYpBk0UiUh2fahBcQhM5CujECmjoC2j74/u5356A0jySjziNwQvpUPKAM4qm1Ljol8pO1clkr4KbQ5nkqvdL371BxJIQJDJBte66ToxeShVyJmBW7CUaYsrGdAhdg5KGoC/1ZJiBlz5lK8/sc+MN7CBS5km0s+rv2ZSGWk9D33SGFEd62ZsX//O6CQZ3XsplnCBItvgoSISNkT2/3x5wBQzF1ABliputbTaiijI0KRVNHO7y8avQuqq611WncVOuVfJgCuSUnJEKccktqZEHUidNwgiQZ/JCXi203qx362PRumblMyfkj6zPH4fMkNs=</latexit>
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Diffusively-coupled identical linear systems

A single-input-single-output (SISO) continuous-time linear system is

ẋi (t) = Axi (t) + Bui (t)

yi (t) = Cxi (t)

where xi (t) ∈ Rd , ui (t) ∈ R, and yi (t) ∈ R

Agents are connected through a weighted digraph G with Laplacian L

Output-dependent diffusive coupling law

ui (t) =
n∑

j=1

aij(yj(t)− yi (t)) = C
n∑

j=1

aij(xj(t)− xi (t))

ẋi(t) = A xi(t) + Bui(t)

yi(t) = C xi(t)
<latexit sha1_base64="pZzwz9RRlS40rxVoI02vmSBUwIQ="></latexit>

yi
<latexit sha1_base64="ralxoCRZZP1lUAUA4P7nw7Ks+P4=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EidCElUUGXBTcuK9oLtKFMppN06GQSZibFEPoIbnXjTtz6PoIP4zTNQlsPDHz8/zmcM78Xc6a0bX9ZpbX1jc2t8nZlZ3dv/6B6eNRRUSIJbZOIR7LnYUU5E7Stmea0F0uKQ4/Trje5nfvdKZWKReJRpzF1QxwI5jOCtZEe0iEbVmt2w84LrYJTQA2Kag2r34NRRJKQCk04Vqrv2LF2Myw1I5zOKoNE0RiTCQ5o36DAIVXnahrk4GZP+dEzdGa8EfIjaZ7QKFd/z2Y4VCoNPdMZYj1Wy95c/M/rJ9q/cTMm4kRTQRaL/IQjHaF5AmjEJCWapwYwkcxcjcgYS0y0yali4nCWP78KnYuGc9mw769qzXoRTBlO4BTq4MA1NOEOWtAGAgE8wwu8WlPrzXq3PhatJauYOYY/ZX3+AINNkgU=</latexit>

�<latexit sha1_base64="bbEC6nsvmZWnOUCDhFMj6UFkKLI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEHrQkKuix4MVjC/YD2lA220m7dLMJu5NiCf0FXvXiTbz6hwR/jNs0B219YeFh3hl25vVjwTU6zpe1tr6xubVd2Cnu7u0fHJaOjls6ShSDJotEpDo+1SC4hCZyFNCJFdDQF9D2x/dzvz0BpXkkH3EagxfSoeQBZxRNqXHZL5WdqpPJXgU3hzLJVe+XvnuDiCUhSGSCat11nRi9lCrkTMCs2Es0xJSN6RC6BiUNQV/oyTADL33KVp7Z58Yb2EGkzJNoZ9XfsykNtZ6GvukMKY70sjcv/ud1EwzuvJTLOEGQbPFRkAgbI3t+vz3gChiKqQHKFDdb22xEFWVoUiqaONzl41ehdVV1r6tO46Zcq+TBFMgpOSMV4pJbUiMPpE6ahBEgz+SFvFpovVnv1seidc3KZ07IH1mfP4rokN0=</latexit>

+
<latexit sha1_base64="cByjrc8XNgH6CL94xHKdk5fOiSI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEglISFfRY8OKxBfsBbSib7aRdutmE3UmxhP4Cr3rxJl79Q4I/xm2ag7a+sPAw7ww78/qx4Bod58taW9/Y3Nou7BR39/YPDktHxy0dJYpBk0UiUh2fahBcQhM5CujECmjoC2j74/u5356A0jySjziNwQvpUPKAM4qm1Ljol8pO1clkr4KbQ5nkqvdL371BxJIQJDJBte66ToxeShVyJmBW7CUaYsrGdAhdg5KGoC/1ZJiBlz5lK8/sc+MN7CBS5km0s+rv2ZSGWk9D33SGFEd62ZsX//O6CQZ3XsplnCBItvgoSISNkT2/3x5wBQzF1ABliputbTaiijI0KRVNHO7y8avQuqq611WncVOuVfJgCuSUnJEKccktqZEHUidNwgiQZ/JCXi203qx362PRumblMyfkj6zPH4fMkNs=</latexit>

+
<latexit sha1_base64="cByjrc8XNgH6CL94xHKdk5fOiSI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEglISFfRY8OKxBfsBbSib7aRdutmE3UmxhP4Cr3rxJl79Q4I/xm2ag7a+sPAw7ww78/qx4Bod58taW9/Y3Nou7BR39/YPDktHxy0dJYpBk0UiUh2fahBcQhM5CujECmjoC2j74/u5356A0jySjziNwQvpUPKAM4qm1Ljol8pO1clkr4KbQ5nkqvdL371BxJIQJDJBte66ToxeShVyJmBW7CUaYsrGdAhdg5KGoC/1ZJiBlz5lK8/sc+MN7CBS5km0s+rv2ZSGWk9D33SGFEd62ZsX//O6CQZ3XsplnCBItvgoSISNkT2/3x5wBQzF1ABliputbTaiijI0KRVNHO7y8avQuqq611WncVOuVfJgCuSUnJEKccktqZEHUidNwgiQZ/JCXi203qx362PRumblMyfkj6zPH4fMkNs=</latexit>

+
<latexit sha1_base64="cByjrc8XNgH6CL94xHKdk5fOiSI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEglISFfRY8OKxBfsBbSib7aRdutmE3UmxhP4Cr3rxJl79Q4I/xm2ag7a+sPAw7ww78/qx4Bod58taW9/Y3Nou7BR39/YPDktHxy0dJYpBk0UiUh2fahBcQhM5CujECmjoC2j74/u5356A0jySjziNwQvpUPKAM4qm1Ljol8pO1clkr4KbQ5nkqvdL371BxJIQJDJBte66ToxeShVyJmBW7CUaYsrGdAhdg5KGoC/1ZJiBlz5lK8/sc+MN7CBS5km0s+rv2ZSGWk9D33SGFEd62ZsX//O6CQZ3XsplnCBItvgoSISNkT2/3x5wBQzF1ABliputbTaiijI0KRVNHO7y8avQuqq611WncVOuVfJgCuSUnJEKccktqZEHUidNwgiQZ/JCXi203qx362PRumblMyfkj6zPH4fMkNs=</latexit>

+
<latexit sha1_base64="cByjrc8XNgH6CL94xHKdk5fOiSI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEglISFfRY8OKxBfsBbSib7aRdutmE3UmxhP4Cr3rxJl79Q4I/xm2ag7a+sPAw7ww78/qx4Bod58taW9/Y3Nou7BR39/YPDktHxy0dJYpBk0UiUh2fahBcQhM5CujECmjoC2j74/u5356A0jySjziNwQvpUPKAM4qm1Ljol8pO1clkr4KbQ5nkqvdL371BxJIQJDJBte66ToxeShVyJmBW7CUaYsrGdAhdg5KGoC/1ZJiBlz5lK8/sc+MN7CBS5km0s+rv2ZSGWk9D33SGFEd62ZsX//O6CQZ3XsplnCBItvgoSISNkT2/3x5wBQzF1ABliputbTaiijI0KRVNHO7y8avQuqq611WncVOuVfJgCuSUnJEKccktqZEHUidNwgiQZ/JCXi203qx362PRumblMyfkj6zPH4fMkNs=</latexit>

yh
<latexit sha1_base64="Lc0lSKhApifj2Lp7vlUoGp0to9Q=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EidCElUUGXBTcuK9oLtKFMppN06GQSZibFEPoIbnXjTtz6PoIP4zTNQlsPDHz8/zmcM78Xc6a0bX9ZpbX1jc2t8nZlZ3dv/6B6eNRRUSIJbZOIR7LnYUU5E7Stmea0F0uKQ4/Trje5nfvdKZWKReJRpzF1QxwI5jOCtZEe0uF4WK3ZDTsvtApOATUoqjWsfg9GEUlCKjThWKm+Y8fazb DUjHA6qwwSRWNMJjigfYMCh1Sdq2mQg5s95UfP0JnxRsiPpHlCo1z9PZvhUKk09ExniPVYLXtz8T+vn2j/xs2YiBNNBVks8hOOdITmCaARk5RonhrARDJzNSJjLDHRJqeKicNZ/vwqdC4azmXDvr+qNetFMGU4gVOogwPX0IQ7aEEbCATwDC/wak2tN+vd+li0lqxi5hj+lPX5A4G/kgQ=</latexit>

yk
<latexit sha1_base64="Lc36SkKdEVTWh5yrVqigAMGxqcw=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EidCElUUGXBTcuK9oLtKFMppN06GQSZibFEPoIbnXjTtz6PoIP4zTNQlsPDHz8/zmcM78Xc6a0bX9ZpbX1jc2t8nZlZ3dv/6B6eNRRUSIJbZOIR7LnYUU5E7Stmea0F0uKQ4/Trje5nfvdKZWKReJRpzF1QxwI5jOCtZEe0uFkWK3ZDTsvtApOATUoqjWsfg9GEUlCKjThWKm+Y8fazb DUjHA6qwwSRWNMJjigfYMCh1Sdq2mQg5s95UfP0JnxRsiPpHlCo1z9PZvhUKk09ExniPVYLXtz8T+vn2j/xs2YiBNNBVks8hOOdITmCaARk5RonhrARDJzNSJjLDHRJqeKicNZ/vwqdC4azmXDvr+qNetFMGU4gVOogwPX0IQ7aEEbCATwDC/wak2tN+vd+li0lqxi5hj+lPX5A4Zpkgc=</latexit>

y`
<latexit sha1_base64="RQL5dCYuD0yAVOIeRkPr17bXeaM=">AAAB93icbZDLSgNBEEVr4ivGV9Slm8YgZCFhRgVdBty4jGAekAyhp1NJ2vQ86O4JDkP+wa1u3IlbP0fwY+xMZqGJBQ2He6uo6utFgitt219WYW19Y3OruF3a2d3bPygfHrVUGEuGTRaKUHY8qlDwAJuaa4GdSCL1PYFtb3I799tTlIqHwYNOInR9Ogr4kDOqjdRK+j0Uol+u2DU7K7IKTg4VyKvRL3/3BiGLfQw0E1SprmNH2k 2p1JwJnJV6scKIsgkdYddgQH1U52o6ysBNn7K7Z+TMeAMyDKV5gSaZ+ns2pb5Sie+ZTp/qsVr25uJ/XjfWwxs35UEUawzYYtEwFkSHZB4CGXCJTIvEAGWSm6sJG1NJmTZRlUwczvLnV6F1UXMua/b9VaVezYMpwgmcQhUcuIY63EEDmsDgEZ7hBV6txHqz3q2PRWvBymeO4U9Znz/PuZNT</latexit>

ui =
X

j
aij(yj � yi)

<latexit sha1_base64="O6VhpIqn1oalJf+q6zccWEIUATQ=">AAACFXicbZDLSsNAFIYnXmu9RV26CS1CBS2JCroRCm5cVrAXaEKYTKfttDOTMDMphtC9b+BbuNWNO3HrWvBhnKZZaOsPAx/nP4cz5w8iSqSy7S9jaXlldW29sFHc3Nre2TX39psyjAXCDRTSULQDKDElHDcUURS3I4EhCyhuBaObqd8aYyFJyO9VEmGPwT4nPYKg0iXfLMU+uXZlzFweUsKIkv4Q+ikZTiqJPzxNfHLsm2W7ameyFsHJoQxy1X3z2+2GKGaYK0ShlB3HjpSXQqEIonhSdGOJI4hGsI87GjlkWJ7IcT8DL33IrppYR9rrWr1Q6MeVlVV/z6aQSZmwQHcyqAZy3psW//M6sepdeSnhUawwR7NFvZhaKrSmEVldIjBSNNEAkSD61xYaQAGR0kEWdRzO/PGL0DyrOudV++6iXKvkwRTAISiBCnDAJaiBW1AHDYDAI3gGL+DVeDLejHfjY9a6ZOQzB+CPjM8fFN6fdg==</latexit>

+
<latexit sha1_base64="cByjrc8XNgH6CL94xHKdk5fOiSI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEglISFfRY8OKxBfsBbSib7aRdutmE3UmxhP4Cr3rxJl79Q4I/xm2ag7a+sPAw7ww78/qx4Bod58taW9/Y3Nou7BR39/YPDktHxy0dJYpBk0UiUh2fahBcQhM5CujECmjoC2j74/u5356A0jySjziNwQvpUPKAM4qm1Ljol8pO1clkr4KbQ5nkqvdL371BxJIQJDJBte66ToxeShVyJmBW7CUaYsrGdAhdg5KGoC/1ZJiBlz5lK8/sc+MN7CBS5km0s+rv2ZSGWk9D33SGFEd62ZsX//O6CQZ3XsplnCBItvgoSISNkT2/3x5wBQzF1ABliputbTaiijI0KRVNHO7y8avQuqq611WncVOuVfJgCuSUnJEKccktqZEHUidNwgiQZ/JCXi203qx362PRumblMyfkj6zPH4fMkNs=</latexit>

�<latexit sha1_base64="bbEC6nsvmZWnOUCDhFMj6UFkKLI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEHrQkKuix4MVjC/YD2lA220m7dLMJu5NiCf0FXvXiTbz6hwR/jNs0B219YeFh3hl25vVjwTU6zpe1tr6xubVd2Cnu7u0fHJaOjls6ShSDJotEpDo+1SC4hCZyFNCJFdDQF9D2x/dzvz0BpXkkH3EagxfSoeQBZxRNqXHZL5WdqpPJXgU3hzLJVe+XvnuDiCUhSGSCat11nRi9lCrkTMCs2Es0xJSN6RC6BiUNQV/oyTADL33KVp7Z58Yb2EGkzJNoZ9XfsykNtZ6GvukMKY70sjcv/ud1EwzuvJTLOEGQbPFRkAgbI3t+vz3gChiKqQHKFDdb22xEFWVoUiqaONzl41ehdVV1r6tO46Zcq+TBFMgpOSMV4pJbUiMPpE6ahBEgz+SFvFpovVnv1seidc3KZ07IH1mfP4rokN0=</latexit>

�<latexit sha1_base64="bbEC6nsvmZWnOUCDhFMj6UFkKLI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEHrQkKuix4MVjC/YD2lA220m7dLMJu5NiCf0FXvXiTbz6hwR/jNs0B219YeFh3hl25vVjwTU6zpe1tr6xubVd2Cnu7u0fHJaOjls6ShSDJotEpDo+1SC4hCZyFNCJFdDQF9D2x/dzvz0BpXkkH3EagxfSoeQBZxRNqXHZL5WdqpPJXgU3hzLJVe+XvnuDiCUhSGSCat11nRi9lCrkTMCs2Es0xJSN6RC6BiUNQV/oyTADL33KVp7Z58Yb2EGkzJNoZ9XfsykNtZ6GvukMKY70sjcv/ud1EwzuvJTLOEGQbPFRkAgbI3t+vz3gChiKqQHKFDdb22xEFWVoUiqaONzl41ehdVV1r6tO46Zcq+TBFMgpOSMV4pJbUiMPpE6ahBEgz+SFvFpovVnv1seidc3KZ07IH1mfP4rokN0=</latexit>

aik
<latexit sha1_base64="IlDpW8AuiY9VV85B2S/qG86kD5o=">AAAB93icbZDLSsNAFIZP6q3WW9Slm8EidCElUUGXBTcuK9gLtKFMppN27GQSZibFEPoObnXjTtz6OIIP4zTNQlsPDHz8/zmcM78fc6a043xZpbX1jc2t8nZlZ3dv/8A+PGqrKJGEtkjEI9n1saKcCdrSTHPajSXFoc9px5/czv3OlErFIvGg05h6IR4JFjCCtZHaeJCxyWxgV526kxdaBbeAKhTVHNjf/WFEkpAKTThWquc6sfYyLDUjnM4q/UTRGJMJHtGeQYFDqs7VdJSDlz3ld8/QmfGGKIikeUKjXP09m+FQqTT0TWeI9Vgte3PxP6+X6ODGy5iIE00FWSwKEo50hOYhoCGTlGieGsBEMnM1ImMsMdEmqoqJw13+/Cq0L+ruZd25v6o2akUwZTiBU6iBC9fQgDtoQgsIPMIzvMCrlVpv1rv1sWgtWcXMMfwp6/MH+Z+Tbg==</latexit>

ai`
<latexit sha1_base64="+S3qyEznKZY2wgsyySS2YzOjQTQ=">AAAB+nicbZDLSgMxFIbPeK31VnXpJliELqTMqKDLghuXFexF2qFk0kwbmmSGJFMsY5/CrW7ciVtfRvBhTKez0NYDgY//P4dz8gcxZ9q47pezsrq2vrFZ2Cpu7+zu7ZcODps6ShShDRLxSLUDrClnkjYMM5y2Y0WxCDhtBaObmd8aU6VZJO/NJKa+wAPJQkawsdID7qWsSzmf9kplt+pmhZbBy6EMedV7pe9uPyKJoNIQjrXueG5s/BQrwwin02I30TTGZIQHtGNRYkH1mR4PMvDTx+z0KTq1Xh+FkbJPGpSpv2dTLLSeiMB2CmyGetGbif95ncSE137KZJwYKsl8UZhwZCI0ywH1maLE8IkFTBSzVyMyxAoTY9Mq2ji8xc8vQ/O86l1U3bvLcq2SB1OAYziBCnhwBTW4hTo0gICAZ3iBV+fJeXPenY9564qTzxzBn3I+fwBGopS6</latexit>

aih
<latexit sha1_base64="axCWNq2ooBfuXBwOyuCGDjW3kns=">AAAB93icbZDLSsNAFIZP6q3WW9Slm8EidCElUUGXBTcuK9gLtKFMppN27GQSZibFEPoObnXjTtz6OIIP4zTNQlsPDHz8/zmcM78fc6a043xZpbX1jc2t8nZlZ3dv/8A+PGqrKJGEtkjEI9n1saKcCdrSTHPajSXFoc9px5/czv3OlErFIvGg05h6IR4JFjCCtZHaeJCx8WxgV526kxdaBbeAKhTVHNjf/WFEkpAKTThWquc6sfYyLDUjnM4q/UTRGJMJHtGeQYFDqs7VdJSDlz3ld8/QmfGGKIikeUKjXP09m+FQqTT0TWeI9Vgte3PxP6+X6ODGy5iIE00FWSwKEo50hOYhoCGTlGieGsBEMnM1ImMsMdEmqoqJw13+/Cq0L+ruZd25v6o2akUwZTiBU6iBC9fQgDtoQgsIPMIzvMCrlVpv1rv1sWgtWcXMMfwp6/MH9PKTaw==</latexit>

+
<latexit sha1_base64="cByjrc8XNgH6CL94xHKdk5fOiSI=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJViEglISFfRY8OKxBfsBbSib7aRdutmE3UmxhP4Cr3rxJl79Q4I/xm2ag7a+sPAw7ww78/qx4Bod58taW9/Y3Nou7BR39/YPDktHxy0dJYpBk0UiUh2fahBcQhM5CujECmjoC2j74/u5356A0jySjziNwQvpUPKAM4qm1Ljol8pO1clkr4KbQ5nkqvdL371BxJIQJDJBte66ToxeShVyJmBW7CUaYsrGdAhdg5KGoC/1ZJiBlz5lK8/sc+MN7CBS5km0s+rv2ZSGWk9D33SGFEd62ZsX//O6CQZ3XsplnCBItvgoSISNkT2/3x5wBQzF1ABliputbTaiijI0KRVNHO7y8avQuqq611WncVOuVfJgCuSUnJEKccktqZEHUidNwgiQZ/JCXi203qx362PRumblMyfkj6zPH4fMkNs=</latexit>
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Diffusively-coupled identical linear systems

A diffusively coupled SISO linear systems

ẋi (t) = Axi (t) + Bui (t)

yi (t) = Cxi (t)

ui (t) =
n∑

j=1

aij(yj(t)− yi (t)) = C
n∑

j=1

aij(xj(t)− xi (t))

Diffusively-coupled identical linear systems

A network of diffusively-coupled identical linear systems is composed by n
identical continuous-time linear SISO systems (A,B,C ) and a Laplacian L.
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Diffusively-coupled identical linear systems

A diffusively coupled SISO linear systems

ẋi (t) = Axi (t) + Bui (t)

yi (t) = Cxi (t)

ui (t) =
n∑

j=1

aij(yj(t)− yi (t)) = C
n∑

j=1

aij(xj(t)− xi (t))

Asymptotic synchronization

A network of diffusively-coupled linear systems (A,B,C ) and Laplacian L
achieves asymptotic synchronization if, for all i , j and initial conditions,

lim
t→∞

∥xi (t)− xj(t)∥2 = 0.

1 There exists a trajectory x0(t) such that for all i ∈ {1, . . . , n}
lim
t→∞

∥xi (t)− x0(t)∥2 = 0

2 Synchronization to some trajectory x0(t) instead of a fixed value
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Modeling via Kronecker product

A diffusively coupled SISO linear systems

ẋi (t) = Axi (t) + Bui (t), yi (t) = Cxi (t)

ui (t) =
n∑

j=1

aij(yj(t)− yi (t)) = C
n∑

j=1

aij(xj(t)− xi (t))

Closed-loop system

ẋi (t) = Axi (t) + BC
n∑

j=1

aij(xj(t)− xi (t))




ẋ1(t)
ẋ2(t)
...

ẋn(t)


 =




A . . . 0
...

. . .
...

0
. . . A







x1(t)
x2(t)
...

xn(t)


+




−∑
j ̸=1 a1jBC . . . a1nBC
...

. . .
...

an1BC
. . . −∑

j ̸=n anjBC







x1(t)
x2(t)
...

xn(t)




What is Kronecker formulation with state x =
[
x⊤1 x⊤2 . . . x⊤n

]⊤
?

ẋ = (In ⊗A− L⊗BC )x
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Modeling via Kronecker product

A diffusively coupled SISO linear systems

ẋi (t) = Axi (t) + Bui (t), yi (t) = Cxi (t)

ui (t) =
n∑

j=1

aij(yj(t)− yi (t)) = C
n∑

j=1

aij(xj(t)− xi (t))

Closed-loop system

ẋi (t) = Axi (t) + BC
n∑

j=1

aij(xj(t)− xi (t))
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Synchronization theorem

ẋ = (In ⊗A− L⊗BC )x

Synchronization of diffusively-coupled linear systems

Consider a network of diffusively-coupled identical linear systems described
by the system (A,B,C ) and the Laplacian L.
Suppose the digraph associated with L contains a globally reachable node.
Then:

system synchronizes on x̄(t) iff A− λiBC is Hurwitz for 2 ≤ i ≤ n:

1 Laplacian spectrum 0 = λ1 < |λ2| ≤ · · · ≤ |λn|
2 Consensus value:

x̄(t) = eAt
n∑

i=1

wixi (0)

with w⊤L = 0⊤n , w
⊤1n = 1

system is exponentially stable iff A− λiBC is Hurwitz for 1 ≤ i ≤ n
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ẋ = (In ⊗A− L⊗BC )x

Synchronization of diffusively-coupled linear systems

Consider a network of diffusively-coupled identical linear systems described
by the system (A,B,C ) and the Laplacian L.
Suppose the digraph associated with L contains a globally reachable node.
Then:

system synchronizes on x̄(t) iff A− λiBC is Hurwitz for 2 ≤ i ≤ n:

1 Laplacian spectrum 0 = λ1 < |λ2| ≤ · · · ≤ |λn|
2 Consensus value:

x̄(t) = eAt
n∑

i=1

wixi (0)

with w⊤L = 0⊤n , w
⊤1n = 1

system is exponentially stable iff A− λiBC is Hurwitz for 1 ≤ i ≤ n

Diffusively-coupled systems (Lecture 8) AU7036 March 22, 2024 14 / 32



Today

1 Consensus problems with vector-valued states

2 Diffusively-coupled linear systems (SISO case)

3 Application to the second-order Laplacian flow

4 State-feedback and controller design (MIMO case)

5 Extension to Formation Control



Second-order Laplacian flow: Definition

Let G be a weighted digraph with n nodes and Laplacian matrix L

The Laplacian flow on Rn is the dynamical system for i ∈ {1, . . . , n}
ẋi = ui =

∑

j∈N out(i)

aij(xj − xi )

A double integrator is a dynamical system

q̈i = ūi , or in first-order equivalent form

{
q̇i = vi

v̇i = ūi
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ūi = −kpqi − kdq̇i +
n∑

j=1

aij
(
γp(qj − qi ) + γq(q̇j − q̇i )

)
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Second-order Laplacian flow: Definition

Let G be a weighted digraph with n nodes and Laplacian matrix L

The Laplacian flow on Rn is the dynamical system for i ∈ {1, . . . , n}
ẋi = ui =

∑

j∈N out(i)

aij(xj − xi )

A double integrator is a dynamical system

q̈i = ūi , or in first-order equivalent form

{
q̇i = vi

v̇i = ūi
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<latexit sha1_base64="8mDhGUJqtTPYDjNXsM2uBaJtsC4=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IYpid7U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxlJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6LtMgRQgtFCihGytggSuh406uZ37nAZQWUXiH0xgGARuFwhecoZHuJ8O0j/CESZx6WTYsV+yqPQddJU5OKiRHc1j+6nsRTwIIkUumdc+xYxykTKHgErJSP9EQMz5hI+gZGrIA9CCdX53RM6N41I+UqRDpXP09kbJA62ngms6A4VgvezPxP6+XoH81SEUYJwghXyzyE0kxorMIqCcUcJRTQxhXwtxK+ZgpxtEEVTIhOMsvr5J2repcVOu39UqjlsdRJCfklJwTh1ySBrkhTdIinCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH4SbkyM=</latexit>

kd
<latexit sha1_base64="8mDhGUJqtTPYDjNXsM2uBaJtsC4=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IYpid7U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxlJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6LtMgRQgtFCihGytggSuh406uZ37nAZQWUXiH0xgGARuFwhecoZHuJ8O0j/CESZx6WTYsV+yqPQddJU5OKiRHc1j+6nsRTwIIkUumdc+xYxykTKHgErJSP9EQMz5hI+gZGrIA9CCdX53RM6N41I+UqRDpXP09kbJA62ngms6A4VgvezPxP6+XoH81SEUYJwghXyzyE0kxorMIqCcUcJRTQxhXwtxK+ZgpxtEEVTIhOMsvr5J2repcVOu39UqjlsdRJCfklJwTh1ySBrkhTdIinCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH4SbkyM=</latexit>

kd
<latexit sha1_base64="nZgoZZ3g73MW87uXdcBCNYHCPcU=">AAAB/3icbZDLSsNAFIYnXmu9VV26GSyCCylJKeqy4MZlBXuBNpbJdNIOnUzCzElpCVn4Fm51407c+iiCD+M0zUJbDwx8/P85nDO/Fwmuwba/rLX1jc2t7cJOcXdv/+CwdHTc0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO2Nb+d+e8KU5qF8gFnE3IAMJfc5JWCkx3E/6QGbQhwlUZr2S2W7YmeFV8HJoYzyavRL371BSOOASaCCaN117AjchCjgVLC02Is1iwgdkyHrGpQkYPpST4YZuMk0uz/F58YbYD9U5knAmfp7NiGB1rPAM50BgZFe9ubif143Bv/GTbiMYmCSLhb5scAQ4nkYeMAVoyBmBghV3FyN6YgoQsFEVjRxOMufX4VWteJcVWr3tXK9mgdTQKfoDF0gB12jOrpDDdREFCn0jF7Qq/VkvVnv1seidc3KZ07Qn7I+fwDxBpdz</latexit>

kp

<latexit sha1_base64="nZgoZZ3g73MW87uXdcBCNYHCPcU=">AAAB/3icbZDLSsNAFIYnXmu9VV26GSyCCylJKeqy4MZlBXuBNpbJdNIOnUzCzElpCVn4Fm51407c+iiCD+M0zUJbDwx8/P85nDO/Fwmuwba/rLX1jc2t7cJOcXdv/+CwdHTc0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO2Nb+d+e8KU5qF8gFnE3IAMJfc5JWCkx3E/6QGbQhwlUZr2S2W7YmeFV8HJoYzyavRL371BSOOASaCCaN117AjchCjgVLC02Is1iwgdkyHrGpQkYPpST4YZuMk0uz/F58YbYD9U5knAmfp7NiGB1rPAM50BgZFe9ubif143Bv/GTbiMYmCSLhb5scAQ4nkYeMAVoyBmBghV3FyN6YgoQsFEVjRxOMufX4VWteJcVWr3tXK9mgdTQKfoDF0gB12jOrpDDdREFCn0jF7Qq/VkvVnv1seidc3KZ07Qn7I+fwDxBpdz</latexit>

kp

<latexit sha1_base64="8mDhGUJqtTPYDjNXsM2uBaJtsC4=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IYpid7U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxlJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6LtMgRQgtFCihGytggSuh406uZ37nAZQWUXiH0xgGARuFwhecoZHuJ8O0j/CESZx6WTYsV+yqPQddJU5OKiRHc1j+6nsRTwIIkUumdc+xYxykTKHgErJSP9EQMz5hI+gZGrIA9CCdX53RM6N41I+UqRDpXP09kbJA62ngms6A4VgvezPxP6+XoH81SEUYJwghXyzyE0kxorMIqCcUcJRTQxhXwtxK+ZgpxtEEVTIhOMsvr5J2repcVOu39UqjlsdRJCfklJwTh1ySBrkhTdIinCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH4SbkyM=</latexit>

kd
<latexit sha1_base64="nZgoZZ3g73MW87uXdcBCNYHCPcU=">AAAB/3icbZDLSsNAFIYnXmu9VV26GSyCCylJKeqy4MZlBXuBNpbJdNIOnUzCzElpCVn4Fm51407c+iiCD+M0zUJbDwx8/P85nDO/Fwmuwba/rLX1jc2t7cJOcXdv/+CwdHTc0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO2Nb+d+e8KU5qF8gFnE3IAMJfc5JWCkx3E/6QGbQhwlUZr2S2W7YmeFV8HJoYzyavRL371BSOOASaCCaN117AjchCjgVLC02Is1iwgdkyHrGpQkYPpST4YZuMk0uz/F58YbYD9U5knAmfp7NiGB1rPAM50BgZFe9ubif143Bv/GTbiMYmCSLhb5scAQ4nkYeMAVoyBmBghV3FyN6YgoQsFEVjRxOMufX4VWteJcVWr3tXK9mgdTQKfoDF0gB12jOrpDDdREFCn0jF7Qq/VkvVnv1seidc3KZ07Qn7I+fwDxBpdz</latexit>

kp

q
<latexit sha1_base64="MC0dxZj/9yqUip+CVjRcXPcoOnw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokK9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVcVtXJdr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2UWM7Q==</latexit>

ūi = −kpqi − kdq̇i +
n∑

j=1

aij
(
γp(qj − qi ) + γq(q̇j − q̇i )

)
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Second-order Laplacian flow: Definition

Let G be a weighted digraph with n nodes and Laplacian matrix L

The Laplacian flow on Rn is the dynamical system for i ∈ {1, . . . , n}
ẋi = ui =

∑

j∈N out(i)

aij(xj − xi )

A double integrator is a dynamical system

q̈i = ūi , or in first-order equivalent form

{
q̇i = vi

v̇i = ūi

<latexit sha1_base64="6AxaRlTJuDZbh/XTic7YGh8k/mw=">AAACBnicbZDLSsNAFIYnXmu9Rbt0EyyCCylJKeqy4MZlBXuBJpTJdJoOnUnCzElpCN37Fm51407c+hqCD+M0zUJbfxj4OP85nDm/H3OmwLa/jI3Nre2d3dJeef/g8OjYPDntqCiRhLZJxCPZ87GinIW0DQw47cWSYuFz2vUndwu/O6VSsSh8hDSmnsBByEaMYNClgVlxAywEHmQu0BkkcRbP5wOzatfsXNY6OAVUUaHWwPx2hxFJBA2BcKxU37Fj8DIsgRFO52U3UTTGZIID2tcYYkHVlZoGOXjZLD9jbl1ob2iNIqlfCFZe/T2bYaFUKnzdKTCM1aq3KP7n9RMY3XoZC+MEaEiWi0YJtyCyFplYQyYpAZ5qwEQy/WuLjLHEBHRyZR2Hs3r8OnTqNee61nhoVJv1IpgSOkPn6BI56AY10T1qoTYiKEXP6AW9Gk/Gm/FufCxbN4xipoL+yPj8AUyCmco=</latexit>�p

<latexit sha1_base64="b7IcioktV65ZDgLP+fJ7nAZRek8=">AAACBnicbZDLSsNAFIYnXmu9Vbt0EyyCCylJKeqy4MZlBXuBJoTJZNoOnUnCzElpCdn7Fm51407c+hqCD+M0zUJbfxj4OP85nDm/H3OmwLK+jI3Nre2d3dJeef/g8Oi4cnLaVVEiCe2QiEey72NFOQtpBxhw2o8lxcLntOdP7hZ+b0qlYlH4CPOYugKPQjZkBIMueZWqM8JCYC91gM4gidMgy7xKzapbucx1sAuooUJtr/LtBBFJBA2BcKzUwLZicFMsgRFOs7KTKBpjMsEjOtAYYkHVlZqOcnDTWX5GZl5oLzCHkdQvBDOv/p5NsVBqLnzdKTCM1aq3KP7nDRIY3ropC+MEaEiWi4YJNyEyF5mYAZOUAJ9rwEQy/WuTjLHEBHRyZR2HvXr8OnQbdfu63nxo1lqNIpgSOkPn6BLZ6Aa10D1qow4iaI6e0Qt6NZ6MN+Pd+Fi2bhjFTBX9kfH5AznCmb4=</latexit>�d
<latexit sha1_base64="6AxaRlTJuDZbh/XTic7YGh8k/mw=">AAACBnicbZDLSsNAFIYnXmu9Rbt0EyyCCylJKeqy4MZlBXuBJpTJdJoOnUnCzElpCN37Fm51407c+hqCD+M0zUJbfxj4OP85nDm/H3OmwLa/jI3Nre2d3dJeef/g8OjYPDntqCiRhLZJxCPZ87GinIW0DQw47cWSYuFz2vUndwu/O6VSsSh8hDSmnsBByEaMYNClgVlxAywEHmQu0BkkcRbP5wOzatfsXNY6OAVUUaHWwPx2hxFJBA2BcKxU37Fj8DIsgRFO52U3UTTGZIID2tcYYkHVlZoGOXjZLD9jbl1ob2iNIqlfCFZe/T2bYaFUKnzdKTCM1aq3KP7n9RMY3XoZC+MEaEiWi0YJtyCyFplYQyYpAZ5qwEQy/WuLjLHEBHRyZR2Hs3r8OnTqNee61nhoVJv1IpgSOkPn6BI56AY10T1qoTYiKEXP6AW9Gk/Gm/FufCxbN4xipoL+yPj8AUyCmco=</latexit>�p

<latexit sha1_base64="b7IcioktV65ZDgLP+fJ7nAZRek8=">AAACBnicbZDLSsNAFIYnXmu9Vbt0EyyCCylJKeqy4MZlBXuBJoTJZNoOnUnCzElpCdn7Fm51407c+hqCD+M0zUJbfxj4OP85nDm/H3OmwLK+jI3Nre2d3dJeef/g8Oi4cnLaVVEiCe2QiEey72NFOQtpBxhw2o8lxcLntOdP7hZ+b0qlYlH4CPOYugKPQjZkBIMueZWqM8JCYC91gM4gidMgy7xKzapbucx1sAuooUJtr/LtBBFJBA2BcKzUwLZicFMsgRFOs7KTKBpjMsEjOtAYYkHVlZqOcnDTWX5GZl5oLzCHkdQvBDOv/p5NsVBqLnzdKTCM1aq3KP7nDRIY3ropC+MEaEiWi4YJNyEyF5mYAZOUAJ9rwEQy/WuTjLHEBHRyZR2HvXr8OnQbdfu63nxo1lqNIpgSOkPn6BLZ6Aa10D1qow4iaI6e0Qt6NZ6MN+Pd+Fi2bhjFTBX9kfH5AznCmb4=</latexit>�d

<latexit sha1_base64="8mDhGUJqtTPYDjNXsM2uBaJtsC4=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IYpid7U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxlJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6LtMgRQgtFCihGytggSuh406uZ37nAZQWUXiH0xgGARuFwhecoZHuJ8O0j/CESZx6WTYsV+yqPQddJU5OKiRHc1j+6nsRTwIIkUumdc+xYxykTKHgErJSP9EQMz5hI+gZGrIA9CCdX53RM6N41I+UqRDpXP09kbJA62ngms6A4VgvezPxP6+XoH81SEUYJwghXyzyE0kxorMIqCcUcJRTQxhXwtxK+ZgpxtEEVTIhOMsvr5J2repcVOu39UqjlsdRJCfklJwTh1ySBrkhTdIinCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH4SbkyM=</latexit>

kd
<latexit sha1_base64="8mDhGUJqtTPYDjNXsM2uBaJtsC4=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IYpid7U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxlJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6LtMgRQgtFCihGytggSuh406uZ37nAZQWUXiH0xgGARuFwhecoZHuJ8O0j/CESZx6WTYsV+yqPQddJU5OKiRHc1j+6nsRTwIIkUumdc+xYxykTKHgErJSP9EQMz5hI+gZGrIA9CCdX53RM6N41I+UqRDpXP09kbJA62ngms6A4VgvezPxP6+XoH81SEUYJwghXyzyE0kxorMIqCcUcJRTQxhXwtxK+ZgpxtEEVTIhOMsvr5J2repcVOu39UqjlsdRJCfklJwTh1ySBrkhTdIinCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH4SbkyM=</latexit>

kd
<latexit sha1_base64="nZgoZZ3g73MW87uXdcBCNYHCPcU=">AAAB/3icbZDLSsNAFIYnXmu9VV26GSyCCylJKeqy4MZlBXuBNpbJdNIOnUzCzElpCVn4Fm51407c+iiCD+M0zUJbDwx8/P85nDO/Fwmuwba/rLX1jc2t7cJOcXdv/+CwdHTc0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO2Nb+d+e8KU5qF8gFnE3IAMJfc5JWCkx3E/6QGbQhwlUZr2S2W7YmeFV8HJoYzyavRL371BSOOASaCCaN117AjchCjgVLC02Is1iwgdkyHrGpQkYPpST4YZuMk0uz/F58YbYD9U5knAmfp7NiGB1rPAM50BgZFe9ubif143Bv/GTbiMYmCSLhb5scAQ4nkYeMAVoyBmBghV3FyN6YgoQsFEVjRxOMufX4VWteJcVWr3tXK9mgdTQKfoDF0gB12jOrpDDdREFCn0jF7Qq/VkvVnv1seidc3KZ07Qn7I+fwDxBpdz</latexit>

kp

<latexit sha1_base64="nZgoZZ3g73MW87uXdcBCNYHCPcU=">AAAB/3icbZDLSsNAFIYnXmu9VV26GSyCCylJKeqy4MZlBXuBNpbJdNIOnUzCzElpCVn4Fm51407c+iiCD+M0zUJbDwx8/P85nDO/Fwmuwba/rLX1jc2t7cJOcXdv/+CwdHTc0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO2Nb+d+e8KU5qF8gFnE3IAMJfc5JWCkx3E/6QGbQhwlUZr2S2W7YmeFV8HJoYzyavRL371BSOOASaCCaN117AjchCjgVLC02Is1iwgdkyHrGpQkYPpST4YZuMk0uz/F58YbYD9U5knAmfp7NiGB1rPAM50BgZFe9ubif143Bv/GTbiMYmCSLhb5scAQ4nkYeMAVoyBmBghV3FyN6YgoQsFEVjRxOMufX4VWteJcVWr3tXK9mgdTQKfoDF0gB12jOrpDDdREFCn0jF7Qq/VkvVnv1seidc3KZ07Qn7I+fwDxBpdz</latexit>

kp

<latexit sha1_base64="8mDhGUJqtTPYDjNXsM2uBaJtsC4=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IYpid7U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxlJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6LtMgRQgtFCihGytggSuh406uZ37nAZQWUXiH0xgGARuFwhecoZHuJ8O0j/CESZx6WTYsV+yqPQddJU5OKiRHc1j+6nsRTwIIkUumdc+xYxykTKHgErJSP9EQMz5hI+gZGrIA9CCdX53RM6N41I+UqRDpXP09kbJA62ngms6A4VgvezPxP6+XoH81SEUYJwghXyzyE0kxorMIqCcUcJRTQxhXwtxK+ZgpxtEEVTIhOMsvr5J2repcVOu39UqjlsdRJCfklJwTh1ySBrkhTdIinCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH4SbkyM=</latexit>

kd
<latexit sha1_base64="nZgoZZ3g73MW87uXdcBCNYHCPcU=">AAAB/3icbZDLSsNAFIYnXmu9VV26GSyCCylJKeqy4MZlBXuBNpbJdNIOnUzCzElpCVn4Fm51407c+iiCD+M0zUJbDwx8/P85nDO/Fwmuwba/rLX1jc2t7cJOcXdv/+CwdHTc0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO2Nb+d+e8KU5qF8gFnE3IAMJfc5JWCkx3E/6QGbQhwlUZr2S2W7YmeFV8HJoYzyavRL371BSOOASaCCaN117AjchCjgVLC02Is1iwgdkyHrGpQkYPpST4YZuMk0uz/F58YbYD9U5knAmfp7NiGB1rPAM50BgZFe9ubif143Bv/GTbiMYmCSLhb5scAQ4nkYeMAVoyBmBghV3FyN6YgoQsFEVjRxOMufX4VWteJcVWr3tXK9mgdTQKfoDF0gB12jOrpDDdREFCn0jF7Qq/VkvVnv1seidc3KZ07Qn7I+fwDxBpdz</latexit>

kp

q
<latexit sha1_base64="MC0dxZj/9yqUip+CVjRcXPcoOnw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokK9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVcVtXJdr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2UWM7Q==</latexit>

ūi = −kpqi − kdq̇i +
n∑

j=1

aij
(
γp(qj − qi ) + γq(q̇j − q̇i )

)
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Second-order Laplacian flow: Definition

<latexit sha1_base64="6AxaRlTJuDZbh/XTic7YGh8k/mw=">AAACBnicbZDLSsNAFIYnXmu9Rbt0EyyCCylJKeqy4MZlBXuBJpTJdJoOnUnCzElpCN37Fm51407c+hqCD+M0zUJbfxj4OP85nDm/H3OmwLa/jI3Nre2d3dJeef/g8OjYPDntqCiRhLZJxCPZ87GinIW0DQw47cWSYuFz2vUndwu/O6VSsSh8hDSmnsBByEaMYNClgVlxAywEHmQu0BkkcRbP5wOzatfsXNY6OAVUUaHWwPx2hxFJBA2BcKxU37Fj8DIsgRFO52U3UTTGZIID2tcYYkHVlZoGOXjZLD9jbl1ob2iNIqlfCFZe/T2bYaFUKnzdKTCM1aq3KP7n9RMY3XoZC+MEaEiWi0YJtyCyFplYQyYpAZ5qwEQy/WuLjLHEBHRyZR2Hs3r8OnTqNee61nhoVJv1IpgSOkPn6BI56AY10T1qoTYiKEXP6AW9Gk/Gm/FufCxbN4xipoL+yPj8AUyCmco=</latexit>�p

<latexit sha1_base64="b7IcioktV65ZDgLP+fJ7nAZRek8=">AAACBnicbZDLSsNAFIYnXmu9Vbt0EyyCCylJKeqy4MZlBXuBJoTJZNoOnUnCzElpCdn7Fm51407c+hqCD+M0zUJbfxj4OP85nDm/H3OmwLK+jI3Nre2d3dJeef/g8Oi4cnLaVVEiCe2QiEey72NFOQtpBxhw2o8lxcLntOdP7hZ+b0qlYlH4CPOYugKPQjZkBIMueZWqM8JCYC91gM4gidMgy7xKzapbucx1sAuooUJtr/LtBBFJBA2BcKzUwLZicFMsgRFOs7KTKBpjMsEjOtAYYkHVlZqOcnDTWX5GZl5oLzCHkdQvBDOv/p5NsVBqLnzdKTCM1aq3KP7nDRIY3ropC+MEaEiWi4YJNyEyF5mYAZOUAJ9rwEQy/WuTjLHEBHRyZR2HvXr8OnQbdfu63nxo1lqNIpgSOkPn6BLZ6Aa10D1qow4iaI6e0Qt6NZ6MN+Pd+Fi2bhjFTBX9kfH5AznCmb4=</latexit>�d
<latexit sha1_base64="6AxaRlTJuDZbh/XTic7YGh8k/mw=">AAACBnicbZDLSsNAFIYnXmu9Rbt0EyyCCylJKeqy4MZlBXuBJpTJdJoOnUnCzElpCN37Fm51407c+hqCD+M0zUJbfxj4OP85nDm/H3OmwLa/jI3Nre2d3dJeef/g8OjYPDntqCiRhLZJxCPZ87GinIW0DQw47cWSYuFz2vUndwu/O6VSsSh8hDSmnsBByEaMYNClgVlxAywEHmQu0BkkcRbP5wOzatfsXNY6OAVUUaHWwPx2hxFJBA2BcKxU37Fj8DIsgRFO52U3UTTGZIID2tcYYkHVlZoGOXjZLD9jbl1ob2iNIqlfCFZe/T2bYaFUKnzdKTCM1aq3KP7n9RMY3XoZC+MEaEiWi0YJtyCyFplYQyYpAZ5qwEQy/WuLjLHEBHRyZR2Hs3r8OnTqNee61nhoVJv1IpgSOkPn6BI56AY10T1qoTYiKEXP6AW9Gk/Gm/FufCxbN4xipoL+yPj8AUyCmco=</latexit>�p

<latexit sha1_base64="b7IcioktV65ZDgLP+fJ7nAZRek8=">AAACBnicbZDLSsNAFIYnXmu9Vbt0EyyCCylJKeqy4MZlBXuBJoTJZNoOnUnCzElpCdn7Fm51407c+hqCD+M0zUJbfxj4OP85nDm/H3OmwLK+jI3Nre2d3dJeef/g8Oi4cnLaVVEiCe2QiEey72NFOQtpBxhw2o8lxcLntOdP7hZ+b0qlYlH4CPOYugKPQjZkBIMueZWqM8JCYC91gM4gidMgy7xKzapbucx1sAuooUJtr/LtBBFJBA2BcKzUwLZicFMsgRFOs7KTKBpjMsEjOtAYYkHVlZqOcnDTWX5GZl5oLzCHkdQvBDOv/p5NsVBqLnzdKTCM1aq3KP7nDRIY3ropC+MEaEiWi4YJNyEyF5mYAZOUAJ9rwEQy/WuTjLHEBHRyZR2HvXr8OnQbdfu63nxo1lqNIpgSOkPn6BLZ6Aa10D1qow4iaI6e0Qt6NZ6MN+Pd+Fi2bhjFTBX9kfH5AznCmb4=</latexit>�d

<latexit sha1_base64="8mDhGUJqtTPYDjNXsM2uBaJtsC4=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IYpid7U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxlJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6LtMgRQgtFCihGytggSuh406uZ37nAZQWUXiH0xgGARuFwhecoZHuJ8O0j/CESZx6WTYsV+yqPQddJU5OKiRHc1j+6nsRTwIIkUumdc+xYxykTKHgErJSP9EQMz5hI+gZGrIA9CCdX53RM6N41I+UqRDpXP09kbJA62ngms6A4VgvezPxP6+XoH81SEUYJwghXyzyE0kxorMIqCcUcJRTQxhXwtxK+ZgpxtEEVTIhOMsvr5J2repcVOu39UqjlsdRJCfklJwTh1ySBrkhTdIinCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH4SbkyM=</latexit>

kd
<latexit sha1_base64="8mDhGUJqtTPYDjNXsM2uBaJtsC4=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IYpid7U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxlJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6LtMgRQgtFCihGytggSuh406uZ37nAZQWUXiH0xgGARuFwhecoZHuJ8O0j/CESZx6WTYsV+yqPQddJU5OKiRHc1j+6nsRTwIIkUumdc+xYxykTKHgErJSP9EQMz5hI+gZGrIA9CCdX53RM6N41I+UqRDpXP09kbJA62ngms6A4VgvezPxP6+XoH81SEUYJwghXyzyE0kxorMIqCcUcJRTQxhXwtxK+ZgpxtEEVTIhOMsvr5J2repcVOu39UqjlsdRJCfklJwTh1ySBrkhTdIinCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH4SbkyM=</latexit>

kd
<latexit sha1_base64="nZgoZZ3g73MW87uXdcBCNYHCPcU=">AAAB/3icbZDLSsNAFIYnXmu9VV26GSyCCylJKeqy4MZlBXuBNpbJdNIOnUzCzElpCVn4Fm51407c+iiCD+M0zUJbDwx8/P85nDO/Fwmuwba/rLX1jc2t7cJOcXdv/+CwdHTc0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO2Nb+d+e8KU5qF8gFnE3IAMJfc5JWCkx3E/6QGbQhwlUZr2S2W7YmeFV8HJoYzyavRL371BSOOASaCCaN117AjchCjgVLC02Is1iwgdkyHrGpQkYPpST4YZuMk0uz/F58YbYD9U5knAmfp7NiGB1rPAM50BgZFe9ubif143Bv/GTbiMYmCSLhb5scAQ4nkYeMAVoyBmBghV3FyN6YgoQsFEVjRxOMufX4VWteJcVWr3tXK9mgdTQKfoDF0gB12jOrpDDdREFCn0jF7Qq/VkvVnv1seidc3KZ07Qn7I+fwDxBpdz</latexit>

kp

<latexit sha1_base64="nZgoZZ3g73MW87uXdcBCNYHCPcU=">AAAB/3icbZDLSsNAFIYnXmu9VV26GSyCCylJKeqy4MZlBXuBNpbJdNIOnUzCzElpCVn4Fm51407c+iiCD+M0zUJbDwx8/P85nDO/Fwmuwba/rLX1jc2t7cJOcXdv/+CwdHTc0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO2Nb+d+e8KU5qF8gFnE3IAMJfc5JWCkx3E/6QGbQhwlUZr2S2W7YmeFV8HJoYzyavRL371BSOOASaCCaN117AjchCjgVLC02Is1iwgdkyHrGpQkYPpST4YZuMk0uz/F58YbYD9U5knAmfp7NiGB1rPAM50BgZFe9ubif143Bv/GTbiMYmCSLhb5scAQ4nkYeMAVoyBmBghV3FyN6YgoQsFEVjRxOMufX4VWteJcVWr3tXK9mgdTQKfoDF0gB12jOrpDDdREFCn0jF7Qq/VkvVnv1seidc3KZ07Qn7I+fwDxBpdz</latexit>

kp

<latexit sha1_base64="8mDhGUJqtTPYDjNXsM2uBaJtsC4=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IYpid7U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxlJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6LtMgRQgtFCihGytggSuh406uZ37nAZQWUXiH0xgGARuFwhecoZHuJ8O0j/CESZx6WTYsV+yqPQddJU5OKiRHc1j+6nsRTwIIkUumdc+xYxykTKHgErJSP9EQMz5hI+gZGrIA9CCdX53RM6N41I+UqRDpXP09kbJA62ngms6A4VgvezPxP6+XoH81SEUYJwghXyzyE0kxorMIqCcUcJRTQxhXwtxK+ZgpxtEEVTIhOMsvr5J2repcVOu39UqjlsdRJCfklJwTh1ySBrkhTdIinCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH4SbkyM=</latexit>

kd
<latexit sha1_base64="nZgoZZ3g73MW87uXdcBCNYHCPcU=">AAAB/3icbZDLSsNAFIYnXmu9VV26GSyCCylJKeqy4MZlBXuBNpbJdNIOnUzCzElpCVn4Fm51407c+iiCD+M0zUJbDwx8/P85nDO/Fwmuwba/rLX1jc2t7cJOcXdv/+CwdHTc0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO2Nb+d+e8KU5qF8gFnE3IAMJfc5JWCkx3E/6QGbQhwlUZr2S2W7YmeFV8HJoYzyavRL371BSOOASaCCaN117AjchCjgVLC02Is1iwgdkyHrGpQkYPpST4YZuMk0uz/F58YbYD9U5knAmfp7NiGB1rPAM50BgZFe9ubif143Bv/GTbiMYmCSLhb5scAQ4nkYeMAVoyBmBghV3FyN6YgoQsFEVjRxOMufX4VWteJcVWr3tXK9mgdTQKfoDF0gB12jOrpDDdREFCn0jF7Qq/VkvVnv1seidc3KZ07Qn7I+fwDxBpdz</latexit>

kp

q
<latexit sha1_base64="MC0dxZj/9yqUip+CVjRcXPcoOnw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokK9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVcVtXJdr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2UWM7Q==</latexit>

q̈i = ūi

ūi = −kpqi − kdq̇i +
n∑

j=1

aij
(
γp(qj − qi ) + γd(q̇j − q̇i )

)

The second-order Laplacian flow is given by

q̈(t) + (kdIn + γdL)q̇(t) + (kpIn + γdL)q(t) = 0n.
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Second-order Laplacian flow as diffusively-coupled systems

<latexit sha1_base64="6AxaRlTJuDZbh/XTic7YGh8k/mw=">AAACBnicbZDLSsNAFIYnXmu9Rbt0EyyCCylJKeqy4MZlBXuBJpTJdJoOnUnCzElpCN37Fm51407c+hqCD+M0zUJbfxj4OP85nDm/H3OmwLa/jI3Nre2d3dJeef/g8OjYPDntqCiRhLZJxCPZ87GinIW0DQw47cWSYuFz2vUndwu/O6VSsSh8hDSmnsBByEaMYNClgVlxAywEHmQu0BkkcRbP5wOzatfsXNY6OAVUUaHWwPx2hxFJBA2BcKxU37Fj8DIsgRFO52U3UTTGZIID2tcYYkHVlZoGOXjZLD9jbl1ob2iNIqlfCFZe/T2bYaFUKnzdKTCM1aq3KP7n9RMY3XoZC+MEaEiWi0YJtyCyFplYQyYpAZ5qwEQy/WuLjLHEBHRyZR2Hs3r8OnTqNee61nhoVJv1IpgSOkPn6BI56AY10T1qoTYiKEXP6AW9Gk/Gm/FufCxbN4xipoL+yPj8AUyCmco=</latexit>�p

<latexit sha1_base64="b7IcioktV65ZDgLP+fJ7nAZRek8=">AAACBnicbZDLSsNAFIYnXmu9Vbt0EyyCCylJKeqy4MZlBXuBJoTJZNoOnUnCzElpCdn7Fm51407c+hqCD+M0zUJbfxj4OP85nDm/H3OmwLK+jI3Nre2d3dJeef/g8Oi4cnLaVVEiCe2QiEey72NFOQtpBxhw2o8lxcLntOdP7hZ+b0qlYlH4CPOYugKPQjZkBIMueZWqM8JCYC91gM4gidMgy7xKzapbucx1sAuooUJtr/LtBBFJBA2BcKzUwLZicFMsgRFOs7KTKBpjMsEjOtAYYkHVlZqOcnDTWX5GZl5oLzCHkdQvBDOv/p5NsVBqLnzdKTCM1aq3KP7nDRIY3ropC+MEaEiWi4YJNyEyF5mYAZOUAJ9rwEQy/WuTjLHEBHRyZR2HvXr8OnQbdfu63nxo1lqNIpgSOkPn6BLZ6Aa10D1qow4iaI6e0Qt6NZ6MN+Pd+Fi2bhjFTBX9kfH5AznCmb4=</latexit>�d
<latexit sha1_base64="6AxaRlTJuDZbh/XTic7YGh8k/mw=">AAACBnicbZDLSsNAFIYnXmu9Rbt0EyyCCylJKeqy4MZlBXuBJpTJdJoOnUnCzElpCN37Fm51407c+hqCD+M0zUJbfxj4OP85nDm/H3OmwLa/jI3Nre2d3dJeef/g8OjYPDntqCiRhLZJxCPZ87GinIW0DQw47cWSYuFz2vUndwu/O6VSsSh8hDSmnsBByEaMYNClgVlxAywEHmQu0BkkcRbP5wOzatfsXNY6OAVUUaHWwPx2hxFJBA2BcKxU37Fj8DIsgRFO52U3UTTGZIID2tcYYkHVlZoGOXjZLD9jbl1ob2iNIqlfCFZe/T2bYaFUKnzdKTCM1aq3KP7n9RMY3XoZC+MEaEiWi0YJtyCyFplYQyYpAZ5qwEQy/WuLjLHEBHRyZR2Hs3r8OnTqNee61nhoVJv1IpgSOkPn6BI56AY10T1qoTYiKEXP6AW9Gk/Gm/FufCxbN4xipoL+yPj8AUyCmco=</latexit>�p

<latexit sha1_base64="b7IcioktV65ZDgLP+fJ7nAZRek8=">AAACBnicbZDLSsNAFIYnXmu9Vbt0EyyCCylJKeqy4MZlBXuBJoTJZNoOnUnCzElpCdn7Fm51407c+hqCD+M0zUJbfxj4OP85nDm/H3OmwLK+jI3Nre2d3dJeef/g8Oi4cnLaVVEiCe2QiEey72NFOQtpBxhw2o8lxcLntOdP7hZ+b0qlYlH4CPOYugKPQjZkBIMueZWqM8JCYC91gM4gidMgy7xKzapbucx1sAuooUJtr/LtBBFJBA2BcKzUwLZicFMsgRFOs7KTKBpjMsEjOtAYYkHVlZqOcnDTWX5GZl5oLzCHkdQvBDOv/p5NsVBqLnzdKTCM1aq3KP7nDRIY3ropC+MEaEiWi4YJNyEyF5mYAZOUAJ9rwEQy/WuTjLHEBHRyZR2HvXr8OnQbdfu63nxo1lqNIpgSOkPn6BLZ6Aa10D1qow4iaI6e0Qt6NZ6MN+Pd+Fi2bhjFTBX9kfH5AznCmb4=</latexit>�d

<latexit sha1_base64="8mDhGUJqtTPYDjNXsM2uBaJtsC4=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IYpid7U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxlJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6LtMgRQgtFCihGytggSuh406uZ37nAZQWUXiH0xgGARuFwhecoZHuJ8O0j/CESZx6WTYsV+yqPQddJU5OKiRHc1j+6nsRTwIIkUumdc+xYxykTKHgErJSP9EQMz5hI+gZGrIA9CCdX53RM6N41I+UqRDpXP09kbJA62ngms6A4VgvezPxP6+XoH81SEUYJwghXyzyE0kxorMIqCcUcJRTQxhXwtxK+ZgpxtEEVTIhOMsvr5J2repcVOu39UqjlsdRJCfklJwTh1ySBrkhTdIinCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH4SbkyM=</latexit>

kd
<latexit sha1_base64="8mDhGUJqtTPYDjNXsM2uBaJtsC4=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IYpid7U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxlJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6LtMgRQgtFCihGytggSuh406uZ37nAZQWUXiH0xgGARuFwhecoZHuJ8O0j/CESZx6WTYsV+yqPQddJU5OKiRHc1j+6nsRTwIIkUumdc+xYxykTKHgErJSP9EQMz5hI+gZGrIA9CCdX53RM6N41I+UqRDpXP09kbJA62ngms6A4VgvezPxP6+XoH81SEUYJwghXyzyE0kxorMIqCcUcJRTQxhXwtxK+ZgpxtEEVTIhOMsvr5J2repcVOu39UqjlsdRJCfklJwTh1ySBrkhTdIinCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH4SbkyM=</latexit>

kd
<latexit sha1_base64="nZgoZZ3g73MW87uXdcBCNYHCPcU=">AAAB/3icbZDLSsNAFIYnXmu9VV26GSyCCylJKeqy4MZlBXuBNpbJdNIOnUzCzElpCVn4Fm51407c+iiCD+M0zUJbDwx8/P85nDO/Fwmuwba/rLX1jc2t7cJOcXdv/+CwdHTc0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO2Nb+d+e8KU5qF8gFnE3IAMJfc5JWCkx3E/6QGbQhwlUZr2S2W7YmeFV8HJoYzyavRL371BSOOASaCCaN117AjchCjgVLC02Is1iwgdkyHrGpQkYPpST4YZuMk0uz/F58YbYD9U5knAmfp7NiGB1rPAM50BgZFe9ubif143Bv/GTbiMYmCSLhb5scAQ4nkYeMAVoyBmBghV3FyN6YgoQsFEVjRxOMufX4VWteJcVWr3tXK9mgdTQKfoDF0gB12jOrpDDdREFCn0jF7Qq/VkvVnv1seidc3KZ07Qn7I+fwDxBpdz</latexit>

kp

<latexit sha1_base64="nZgoZZ3g73MW87uXdcBCNYHCPcU=">AAAB/3icbZDLSsNAFIYnXmu9VV26GSyCCylJKeqy4MZlBXuBNpbJdNIOnUzCzElpCVn4Fm51407c+iiCD+M0zUJbDwx8/P85nDO/Fwmuwba/rLX1jc2t7cJOcXdv/+CwdHTc0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO2Nb+d+e8KU5qF8gFnE3IAMJfc5JWCkx3E/6QGbQhwlUZr2S2W7YmeFV8HJoYzyavRL371BSOOASaCCaN117AjchCjgVLC02Is1iwgdkyHrGpQkYPpST4YZuMk0uz/F58YbYD9U5knAmfp7NiGB1rPAM50BgZFe9ubif143Bv/GTbiMYmCSLhb5scAQ4nkYeMAVoyBmBghV3FyN6YgoQsFEVjRxOMufX4VWteJcVWr3tXK9mgdTQKfoDF0gB12jOrpDDdREFCn0jF7Qq/VkvVnv1seidc3KZ07Qn7I+fwDxBpdz</latexit>

kp

<latexit sha1_base64="8mDhGUJqtTPYDjNXsM2uBaJtsC4=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IYpid7U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxlJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6LtMgRQgtFCihGytggSuh406uZ37nAZQWUXiH0xgGARuFwhecoZHuJ8O0j/CESZx6WTYsV+yqPQddJU5OKiRHc1j+6nsRTwIIkUumdc+xYxykTKHgErJSP9EQMz5hI+gZGrIA9CCdX53RM6N41I+UqRDpXP09kbJA62ngms6A4VgvezPxP6+XoH81SEUYJwghXyzyE0kxorMIqCcUcJRTQxhXwtxK+ZgpxtEEVTIhOMsvr5J2repcVOu39UqjlsdRJCfklJwTh1ySBrkhTdIinCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH4SbkyM=</latexit>

kd
<latexit sha1_base64="nZgoZZ3g73MW87uXdcBCNYHCPcU=">AAAB/3icbZDLSsNAFIYnXmu9VV26GSyCCylJKeqy4MZlBXuBNpbJdNIOnUzCzElpCVn4Fm51407c+iiCD+M0zUJbDwx8/P85nDO/Fwmuwba/rLX1jc2t7cJOcXdv/+CwdHTc0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO2Nb+d+e8KU5qF8gFnE3IAMJfc5JWCkx3E/6QGbQhwlUZr2S2W7YmeFV8HJoYzyavRL371BSOOASaCCaN117AjchCjgVLC02Is1iwgdkyHrGpQkYPpST4YZuMk0uz/F58YbYD9U5knAmfp7NiGB1rPAM50BgZFe9ubif143Bv/GTbiMYmCSLhb5scAQ4nkYeMAVoyBmBghV3FyN6YgoQsFEVjRxOMufX4VWteJcVWr3tXK9mgdTQKfoDF0gB12jOrpDDdREFCn0jF7Qq/VkvVnv1seidc3KZ07Qn7I+fwDxBpdz</latexit>

kp

q
<latexit sha1_base64="MC0dxZj/9yqUip+CVjRcXPcoOnw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokK9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVcVtXJdr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2UWM7Q==</latexit>

q̈i = ūi

ūi = −kpqi − kdq̇i +
n∑

j=1

aij
(
γp(qj − qi ) + γd(q̇j − q̇i )

)

Let the state be

xi =

[
qi
q̇i

]

The dynamics of the i-th subsystem is

ẋi =

[
q̇i
q̈i

]
=

[
0 1

−kp −kd

] [
qi
q̇i

]
+

[
0
1

]
ui

yi =
[
γp γd

] [qi
q̇i

]
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Second-order Laplacian flow: Analysis

Synchronization theorem

The system achieves asymptotic synchronization on x̄(t) if and only if
each matrix A− λiBC for i ∈ {2, . . . , n} is Hurwitz, where

1 Laplacian spectrum 0 = λ1 < |λ2| ≤ · · · ≤ |λn|
2 Consensus value: for w⊤L = 0⊤n , w

⊤1n = 1

x̄(t) = eAt
n∑

i=1

wixi (0)

ẋi =

[
q̇i
q̈i

]
=

[
0 1

−kp −kd

] [
qi
q̇i

]
+

[
0
1

]
ui , yi =

[
γp γd

] [qi
q̇i

]

Synchronization condition: the following matrix is Hurwitz
[

0 1
−kp −kd

]
− λi

[
0 0
γp γd

]
=

[
0 1

−(kp + λiγp) −(kd + λiγd)

]
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Second-order Laplacian flow: Analysis

Consensus value:

x̄(t) = eAt
n∑

i=1

wixi (0) = e

[
0 1

−kp −kd

]
t n∑

i=1

wixi (0)

1 kp = kd = 0 (no spring and no damper to wall, appropriate γp, γd):

eAt =

[
1 t
0 1

] {
qi (t) → t

∑n
i=1 wi q̇i (0) +

∑n
i=1 wiqi (0)

q̇i (t) →
∑n

i=1 wi q̇i (0)

t

q(t)
<latexit sha1_base64="n3+6XIbxbk5GF+EcrnhcAy94/Bo=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lU0JMUvHisYD+gDWWz3bRLd5O4OxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLkXEGyhQ8naiOVWB5K1gdJv5rSeujYijBxwn3Fd0EIlQMIqZ9FjBs16p7FbdGcgy8XJShhz1Xumr249ZqniETFJjOp6boD+hGgWTfFrspoYnlI3ogHcsjajixp/Mbp2SU6v0SRhrWxGSmfp7YkKVMWMV2E5FcWgWvUz8z+ukGF77ExElKfKIzReFqSQYk+xx0heaM5RjSyjTwt5K2JBqytDGU7QheIsvL5PmedW7qLr3l+XaTR5HAY7hBCrgwRXU4A7q0AAGQ3iGV3hzlPPivDsf89YVJ585gj9wPn8Ado6N1g==</latexit>

Second-order averaging protocol

q̈(t) + Lq̇(t) + �pLq(t) = 0
<latexit sha1_base64="gqGR6VaYQH6daXyTjtmh7nvG/9Y="></latexit>
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Second-order Laplacian flow: Analysis

Consensus value:

x̄(t) = eAt
n∑

i=1

wixi (0) = e

[
0 1

−kp −kd

]
t n∑

i=1

wixi (0)

2 kp > 0, kd = 0 (only spring to wall, appropriate γp, γd):

qi (t) →
n∑

i=1

wiqi (0) cos(
√
kpt) +

1√
kp

n∑

i=1

wi q̇i (0) sin(
√
kpt);

Harmonic oscillators with velocity averaging

q̈(t) + Lq̇(t) + kpq(t) = 0
<latexit sha1_base64="eY9EwJT1VqaMuweqAhZuGHZA6co="></latexit>

t

q(t)
<latexit sha1_base64="n3+6XIbxbk5GF+EcrnhcAy94/Bo=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lU0JMUvHisYD+gDWWz3bRLd5O4OxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLkXEGyhQ8naiOVWB5K1gdJv5rSeujYijBxwn3Fd0EIlQMIqZ9FjBs16p7FbdGcgy8XJShhz1Xumr249ZqniETFJjOp6boD+hGgWTfFrspoYnlI3ogHcsjajixp/Mbp2SU6v0SRhrWxGSmfp7YkKVMWMV2E5FcWgWvUz8z+ukGF77ExElKfKIzReFqSQYk+xx0heaM5RjSyjTwt5K2JBqytDGU7QheIsvL5PmedW7qLr3l+XaTR5HAY7hBCrgwRXU4A7q0AAGQ3iGV3hzlPPivDsf89YVJ585gj9wPn8Ado6N1g==</latexit>
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Second-order Laplacian flow: Analysis

Consensus value:

x̄(t) = eAt
n∑

i=1

wixi (0) = e

[
0 1

−kp −kd

]
t n∑

i=1

wixi (0)

3 kp = 0, kd > 0 (only damper to wall, appropriate γp, γd):

eAt =

[
1 1

kd
(1− e−kdt)

0 e−kdt

] {
qi (t) →

∑n
i=1 wi q̇i (0)

kd
+

∑n
i=1 wiqi (0)

q̇i (t) → 0

Position-averaging with absolute velocity damping

q̈(t) + kdq̇(t) + Lq(t) = 0
<latexit sha1_base64="rDHmnGkWTwaZaMRW9VL1GAWg1Hc="></latexit>

t

q(t)
<latexit sha1_base64="n3+6XIbxbk5GF+EcrnhcAy94/Bo=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lU0JMUvHisYD+gDWWz3bRLd5O4OxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLkXEGyhQ8naiOVWB5K1gdJv5rSeujYijBxwn3Fd0EIlQMIqZ9FjBs16p7FbdGcgy8XJShhz1Xumr249ZqniETFJjOp6boD+hGgWTfFrspoYnlI3ogHcsjajixp/Mbp2SU6v0SRhrWxGSmfp7YkKVMWMV2E5FcWgWvUz8z+ukGF77ExElKfKIzReFqSQYk+xx0heaM5RjSyjTwt5K2JBqytDGU7QheIsvL5PmedW7qLr3l+XaTR5HAY7hBCrgwRXU4A7q0AAGQ3iGV3hzlPPivDsf89YVJ585gj9wPn8Ado6N1g==</latexit>
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Today

1 Consensus problems with vector-valued states

2 Diffusively-coupled linear systems (SISO case)

3 Application to the second-order Laplacian flow

4 State-feedback and controller design (MIMO case)

5 Extension to Formation Control



Diffusively-coupled MIMO systems

A multi-input-multi-output (MIMO) continuous-time linear system is

ẋi (t) = Axi (t) + Bui (t)

yi (t) = Cxi (t)

where xi (t) ∈ Rd , ui (t) ∈ Rp, and yi (t) ∈ Rq

State-dependent diffusive coupling law

ui (t) = c
n∑

j=1

aijK (xj(t)− xi (t))

where c > 0 is coupling coefficient, K ∈ Rp×d is control gain matrix

How to design c and K so as to achieve synchronization?
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Diffusively-coupled MIMO systems

Diffusively-coupled MIMO systems

ẋi (t) = Axi (t) + Bui (t)

ui (t) = c
n∑

j=1

aijK (xj(t)− xi (t))

Synchronization theorem

Consider a network of state-feedback diffusively-coupled identical linear
systems described by the system (A,B,C ) and the Laplacian L.
Suppose the digraph associated with L contains a globally reachable node.
Then:

system achieves synchronization on x̄(t) iff each matrix A− cλiBK is
Hurwitz for 2 ≤ i ≤ n, where with w⊤L = 0⊤n , w

⊤1n = 1

x̄(t) = eAt
n∑

i=1

wixi (0)

Diffusively-coupled systems (Lecture 8) AU7036 March 22, 2024 23 / 32



Stabilization of linear systems

A continuous-time linear control systems is

ẋ(t) = Ax(t) + Bu(t)

where A ∈ Rd×d , B ∈ Rd×p

Given feedback gain K , feedback u = −Kx induces ẋ = (A− BK )x

Stabilizability

(A,B) is stabilizable if there exists matrix K such that A− BK is Hurwitz.

Stabilizability of linear control systems

Given a linear control system (A,B), the following are equivalent

1 (A,B) is stabilizable;

2 there exists d × d matrix P ≻ 0 solving the Lyapunov inequality

AP + PA⊤ − 2BB⊤ ≺ 0 linear matrix inequality (LMI)

A stabilizing feedback gain matrix is K = B⊤P−1.
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Diffusively-coupled MIMO systems: Analysis

Algorithm High-gain LMI design

Input: a stabilizable pair (A,B)
Output: a control gain matrix K and coupling gain c
1: set P := any solution to the LMI AP + PA⊤ − 2BB⊤ ≺ 0
2: set K := B⊤P−1

3: set c := 1/min{R(λi ) | i ∈ {2, . . . , n}}

Lyapunov inequality for Hurwitzness

A complex matrix A ∈ Cn×n is Hurwitz if there exists P ≻ 0 such that

AP + PAH ≺ 0.

High-gain LMI design for stabilizable linear control systems

Consider n identical continuous-time linear control systems described by
(A,B) and a digraph G with Laplacian L.
If (A,B) stabilizable and G contains a globally reachable node,
then the resulting pair (K , c) of the high-gain LMI design algorithm
ensures that each matrix A− cλiBK is Hurwitz for 2 ≤ i ≤ n.
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Today

1 Consensus problems with vector-valued states

2 Diffusively-coupled linear systems (SISO case)

3 Application to the second-order Laplacian flow

4 State-feedback and controller design (MIMO case)

5 Extension to Formation Control



Formation control of multi-agent systems

A multi-input-multi-output (MIMO) continuous-time linear system is

ẋi (t) = Axi (t) + Bui (t)

yi (t) = Cxi (t)

where xi (t) ∈ Rd , ui (t) ∈ Rp, and yi (t) ∈ Rq

Let H = (h1, . . . , hn) be a constant formation of agent network

How to design controller ui so that agents achieve formation?

Multi-agent formation

A network of linear systems (A,B,C ) with Laplacian L achieves formation
H = (h1, . . . , hn) if, for all i , j and initial conditions,

lim
t→∞

∥(xi (t)− hi )− (xj(t)− hj)∥2 = 0.

State-dependent formation control law

ui (t) = c
n∑

j=1

aijK ((xj(t)−hj)− (xi (t)−hi ))

Diffusively-coupled systems (Lecture 8) AU7036 March 22, 2024 26 / 32



Formation control of multi-agent systems

A multi-input-multi-output (MIMO) continuous-time linear system is
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Formation control of multi-agent systems

ẋi (t) = Axi (t) + Bui (t)

ui (t) = c
n∑

j=1

aijK ((xj(t)−hj)− (xi (t)−hi ))

Closed-loop systems

ẋi (t) = Axi (t) + cBK
n∑

j=1

aij((xj(t)−hj)− (xi (t)−hi ))

Define new variable x̃i = xi − hi , then we have

˙̃xi (t) = Ax̃i (t) + cBK
n∑

j=1

aij(x̃j(t)− x̃i (t)) + Ahi

Agents achieve formation iff x̃ achieves consensus
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Formation control of multi-agent systems

˙̃xi (t) = Ax̃i (t) + cBK
n∑

j=1

aij(x̃j(t)− x̃i (t)) + Ahi

Modeling using Kronecker product

˙̃x = (In ⊗A− cL⊗BK )x̃ + (In ⊗A)h

where h =
[
h⊤1 , . . . , h

⊤
n

]⊤

Formation control

Consider a network of state-feedback diffusively-coupled identical linear
systems described by the system (A,B,C ) and the Laplacian L.
Suppose the digraph associated with L contains a globally reachable node.
Suppose the desired formation is H = (h1, . . . , hn). Then:

the system achieves asymptotic formation iff each matrix A− cλiBK
is Hurwitz for 2 ≤ i ≤ n, and Ahi = 0 for 1 ≤ i ≤ n.

Diffusively-coupled systems (Lecture 8) AU7036 March 22, 2024 28 / 32



Formation control of multi-agent systems

˙̃xi (t) = Ax̃i (t) + cBK
n∑

j=1

aij(x̃j(t)− x̃i (t)) + Ahi

Modeling using Kronecker product

˙̃x = (In ⊗A− cL⊗BK )x̃ + (In ⊗A)h

where h =
[
h⊤1 , . . . , h

⊤
n

]⊤

Formation control

Consider a network of state-feedback diffusively-coupled identical linear
systems described by the system (A,B,C ) and the Laplacian L.
Suppose the digraph associated with L contains a globally reachable node.
Suppose the desired formation is H = (h1, . . . , hn). Then:

the system achieves asymptotic formation iff each matrix A− cλiBK
is Hurwitz for 2 ≤ i ≤ n, and Ahi = 0 for 1 ≤ i ≤ n.

Diffusively-coupled systems (Lecture 8) AU7036 March 22, 2024 28 / 32



Formation control of multi-agent systems: An example

1

2

3 4

5

6

Each agent moves on a 2D plane with state xi =
[
x1i x2i v1i v2i

]⊤

State space model

ẋi =




ẋ1i
ẋ2i
v̇1i
v̇2i


 =




0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0







x1i
x2i
v1i
v2i


+




0 0
0 0
0 1
1 0



[
u1i
u2i

]
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Formation control of multi-agent systems: An example

Control for each agent

ui = cK
n∑

j=1

aij((xj(t)−hj)− (xi (t)−hi ))

where the formation is a regular hexagon (position formation):

h1 =




0
0
0
0


 h2 =




4
0
0
0


 h3 =




6

2
√
3

0
0


 h4 =




4

4
√
3

0
0


 h5 =




0

4
√
3

0
0


 h6 =




−2

2
√
3

0
0




Note that Ahi = 0 is satisfied for all i

The gain matrix and coefficient K and c are designed using LMIs
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Formation control of multi-agent systems: An example
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